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Degree Theory 

1 - Introduction. 

Let M := M'^^^ be a compact, orientable, [n + l)-dimensional, Riemannian manifold, 
and let E := Y7^ be a compact, orientable, n-dimensional manifold. We develop a degree 
theory for certain immersions of prescribed curvature of S in M. More precisely, let X be 
an open set of immersions z : S — > M. We say that the immersion i is simple if for any 
p ^ q & and for all sufficiently small neighbourhoods U and V oi p and q respectively, 
we have i{U) ^ i{V). Observe that this is a weaker notion than injectivity which allows 
for self- intersections but not multiple covers. We henceforth assume that X consists only 
of simple immersions. We identify two elements i and ? in X whenever they differ by a 
diffeomorphism of S and we furnish X with the topology of smooth convergence modulo 
reparametrisation. 

Let K be a curvature function, such as mean curvature, or extrinsic curvature (c.f. 

Section 2.1 for a precise definition), and for z e X, define K{i) : E — > E, the K-curvature 
of i by: 

K{i){p)^K{A,{p)), 
where Ai is the shape operator of i. 
We henceforth assume: 

EUipticity: for all [i] e X, the Jacobi operator over [i] of the K-curvature is an elliptic, 
second order partial differential operator. In other words, it is a generalised Laplacian. 

Now let O C C°°(M) be an open connected set of functions. We define the solution 
space Z to be the set of all pairs ([^], /) G X x C where the K-curvature of [i] is prescribed 
by /, that is: 

z = mj)\K{i)^foi}. 

Let TT : Z ^ O hy the projection onto the second factor: 
and we suppose: 

Properness: the projection tt : Z — > O is a proper mapping. 

When K is elliptic and tt is proper, we show that tt has an integer valued degree. Indeed, we 
show that for / in an open dense subset O' of C, 7r~^{f) is finite, and each ([z], /) G 7r~^{f) 
has a well defined signature taking values in {—1,1} and we thus define: 

Deg(7r;/)= J] sig([i],/). 

[i]en-Hf) 

We prove that Deg(7r; /) is independant oi f E O' and therefore defines a degree for tt. 

The hypothesis that every element of X is simple is required to exclude the possibility 
of orbifold points arising on the space of immersions. We will show in our forthcoming 
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paper [21] how multiply covered immersions may be allowed by permitting the degree to 
take rational values. In the context of our current applications, this allows us to drop the 
1/4-pinched condition on the ambient spaces in Theorems 1.2 and 1.3 below. 

Our degree is inspired by the beautiful degree theory developed by Brian White for mean 
curvature and parametric elliptic integrals in [33], [34], [35] and [36]. The main idea is to 
view TT as a "Predholm map of index zero between Banach manifolds" . Taking O' to be the 
set of regular values of tt and by applying a "Sard-Smale" type theorem, we see that this 
set is both open and dense. For f E O' and for [i] e TT~^{f), -D7r([j]j) is an isomorphism, 
its index is defined to be the sum of the algebraic (that is, nilpotent) multiplicities of its 
real, negative eigenvalues, and its signature is defined to be (—1) raised to the power of its 
index, i.e. the parity of the index. We then prove that sig([^], /) is well defined 

and is independant of / e O', thus yielding the degree. 

Making the above discussion precise requires in-depth analsysis forming the content of 
Sections 2 and 3.1 through to 3.4. There are two major difficulties. The first lies in 
defining a "Banach manifold" structure for which tt is Predholm of index zero and then 
proving a Sard/Smale theorem for tt, and the second then lies in proving that the degree 
does not depend on the regular value chosen. For the reader's convenience, in Appendix A 
we provide a discussion of the functional analytic framework used, showing, in particular 
how a Sard/Smale theorem works in this context. 

This paper was initially motivated by the question of the existence of embeddings of 
constant mean curvature of S = 5"^ into {S^'^^,g). Indeed, we conjecture that for any 
c ^ and any metric g on of positive sectional curvature, there is an embedding of 5^ 
into S'^ of constant mean curvature c. This result is known for c = (c.f. [25] and [5]) and 
also for large values of c, since solutions to the isoperimetric problem for small volumes 
are embedded spheres of large constant curvature (c.f. [37]). However, even when n = 1 
and is a positive curvature metric on S^, we do not know if there exist embeddings of 
having any prescribed, positive geodesic curvature. Nonetheless, Anne Robeday (c.f. 
[19]), and indepcndantly Matthias Schneider (c.f. [22]) proved that there always exists an 
Alexandrov embedding (i.e. an immersion that extends to an immersion of the disk) of 
into {S'^,g) of any prescribed, constant geodesic curvature, assuming that g has positive 
curvature. Anne Robeday's approach used the degree theory of Brian White to prove this 
result whilst M. Schneider developed a different degree theory for his proof. Schneider's 
theory applies to immersions of the circle into any Riemannian surface and has yielded 
many interesting results (c.f. [23]). Additionally, we mention that the first author and M. 
Schneider have proven that given a metric of positive curvature on 5^, there is an e > 0, 
such that for any c e]0, e[, there are at least two embeddings of into {S'^,g) of geodesic 
curvature equal to c (c.f. [20]). 

Applications: In Sections 4 and 5, we give applications of our degree theory. We say 
that a property holds for generic / G (9 if and only if it holds for all / in an open, dense 
subset of O, and we prove four theorems which count, generically and under appropri- 
ate hypotheses, the algebraic number of immersions of prescribed curvature of S"^ into a 
compact, orientable, Riemannian manifold {M'^'^^^g). In each case, we will see that this 
algebraic number (which is the degree of tt) is equal to — x(M ), where x{^) is the Euler 
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characteristic of M. Indeed, this formula may be anticipated by the following discussion. 

In the case where the scalar curvature function i? of M is a Morse function. Ye proved 
in [37] that a punctured neighbourhood of each critical point of R is foliated by a family 
of constant mean curvature spheres '^{H) where H varies over an interval [-B,oo[, where 
B is large and depends on {M,g). Ye's result readily extends to general notions of curva- 
ture, and in [28] , the second author calculated the signature of such a so-called Ye-sphere, 
showing it to be equal to (—1)"^ times the signature of the corresponding critical point 
of the scalar curvature of M. Thus, if if ^ S is a regular value of tt and if the only 
immersions in n~^{H) are these Ye-spheres, then Deg{n;H) — {—l)'^x{M) — —x{M). In 
our applications, we will make the above argument precise, and as one may expect, the 
main difficulty lies in showing that tt is a proper map. 

The first theorem concerns the case where K = H is mean curvature. An immersion 
i : S'^ ^ M'^^^ is said to be pointwise 1/2-pinched if for each p e S = 5"^: 

Aib)>^(Ai + ... + AO(p) = ^i^(p), 

where < Ai ^ ... ^ A„ are its principal curvatures. Observe that, in particular, 
a pointwise 1/2-pinched immersion is locally strictly convex. Let X := C1/2 be the 
space of Alexandrov embeddings of S"^ into M that are pointwise 1/2-pinched. Let 
Hq = 4Max(||i2||^/^, ||V-R||^/^), where R is the curvature tensor of M and V-R is its covari- 
ant derivative, and define the space O by. 

Y ^ ' l|Hess(/)|| < / 

Let TT : Z — > O be the projection of the solution space onto O. By proving that tt is a 
proper map, we obtain: 

Theorem 1.1 

For generic f e O, the algebraic number of Alexandrov embedded, hyperspheres 
in M of prescribed mean curvature equal to / (i.e. the degree of tt) is equal to 

-X(M). 

Our next theorem concerns the case where K = Kg is extrinsic curvature (also referred 
to as Gauss-Kronecker curvature). We say that the manifold M is pointwise 1/2-pinched 
if CMax(]5) < 2a"Min(p) for all p e M, where auaxip) is the maximum of the sectional 
curvatures of M at p and (JMinip) is the minimum. Let I be the space of strictly convex 
embeddings of S'^ into M, and define the space O by: 

= {f eC°°{M) I / >0} 

Let Z be the corresponding solution space. By proving that tt : Z ^ O is a proper map, 
we obtain: 

Theorem 1.2 

Let M be l/4-pinched and pointwise 1/2-pinched. Then for generic f e O, the 
algebraic number of embeddings [i] e I having prescribed extrinsic curvature / 
(i.e. the degree of tt) is equal to -x{M). 
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Our third application concerns the case where K — Rq is special Lagrangian curvature 
(c.f. [29] for a detailled definition). Letting I and O be exactly as in Theorem 1.2, we 

prove: 

Theorem 1.3 

Let M'"+^ be 1/4-pinched and n ^ 3. Then for generic f e O, the algebraic number 
of embeddings [i] el of prescribed special Lagrangian curvature / (i.e. the degree 
of tt) is equal to -x(M). 

The final theorem we prove (and which for us is the deepest result), concerns the case 
where K = Kf. is the extrinsic curvature of a surface in a 3-dimensional manifold. Let 
{M^,g) be a compact, orientable Riemannian 3-manifold and define Kq > by: 



where T is the trace free Ricci curvature of M, \\T\\o is its operator norm, viewed as 

an endomorphism of TM, and cr^^-^ is defined to be 0, or the infimum of the sectional 
curvatures of M, whichever is lower. We let I be the space of locally strictly convex 
immersions of S"^ into M and we define O by: 



where a formal description of "controlled" is given in Section 5. Letting Z be the solution 
space, and proving that the projection tt : Z — > O is a proper map, we obtain: 

Theorem 1.4 

For generic f e O, the algebraic nunnber of locally strictly convex imnnersions of 
prescribed extrinsic curvature equal to / (i.e. the degree of tt) is equal to zero. 

Remark: An important tool used in the proof of the properness of the projection tt in this 
case is the result [14] of Frangois Labourie, where by viewing surfaces of positive extrinsic 
curvature as pseudo-holomorphic curves in a contact manifold he is able to apply a variant 
of Gromov's compactness theory to obtain a general compactness result for these surfaces. 

This paper is structured as follows: 

(i) in Section 2, we define the degree; 

(ii) in Section 3, we prove that the degree is independant of the regular value chosen; 

(iii) in Section 4, we apply the degree to immersions of prescribed mean, extrinsic and 
special Lagrangian curvatures; 

(iv) in Section 5, we apply the degree to immersed surfaces of prescribed extrinsic curvature, 
which requires a deeper analysis than the cases studied in Section 4; and 

(v) in Appendix A, we review the functional analytic framework within which we work, 
proving, in particular, a Sard-Smale type theorem within this context. 
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2 - Degree Theory. 

2.1 DeGning the Degree. 

Let M :~ M'^'^^ be a compact, oriented, {n + l)-dimensional, Riemannnian manifold. Let 
E := E"^ be a compact, oriented, n-dimensional manifold. Let C^^^E, M) be the space 
of smooth immersions from S into M. We introduce the following more general definition 
of simple immersions: 

(i) if S is simply connected, then the immersion i : T, ^ M is said to be simple if and 
only if there exists no non-trivial diffeomorphism a : E — )■ E such that io a = i. In other 
words, it is not a multiple cover; and 

(ii) if E is not simply connected, we let E be the universal cover of E and p : E — > E 
the canonical projection. Let 7ri(E) be the fundamental group of E which we consider as 

a subgroup of the diffeomorphism group of S. We say that an immersion z : E — )■ M is 
simple if and only if its lift z := z o p to E is invariant only under the action of elements 
of 7ri(E). In other words, if o: : E ^ E is a diffeomorphism such that t o a = %, then 
a e 7ri(E). 

Thus {ii) constitutes the natural extension of (i) to the non-simply connected case. Al- 
though this notion of simplicity is different (in fact, weaker) than that given in the intro- 
duction, we shall see presently (c.f. Corollary 2.3 below) that the two notions coincide 
for immersions of prescribed elliptic curvature. Non-simple immersions correspond to orb- 
ifold points in the space of immersions, and since this adds unnecessary complexity for 
our current purposes, we defer their study to a later paper. Let Simp := Simp(E, M) C 
^imm(^' M) be an open subset of the space of smooth immersions from E into M consisting 
only of simple immersions. Throughout the sequel, we use the terminology of Appendix 
A, with which the reader should familiarise himself before continuing. 

Let Diff°°(E) be the group of smooth, orientation preserving diffeomorphisms of E. This 
group acts on Simp by composition. We assume that Simp is invariant under the action 
of Diff°°(E), and we define X := X(E, M) to be the quotient of Simp by this group action: 

X = Simp/Diff°°(E). 

I is thus an open set of unparametrised, simple immersions. We furnish I with the quotient 
topology which coincides with the topology of smooth convergence modulo reparametrisa- 
tion. Diff°°(E) also acts on C°°(E) by composition. We thus define the space Smooth := 
Smooth(E, M) as follows: 

Smooth = Simp x C~(E)/Diff~(E). 
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We also furnish Smooth with the quotient topology. Let p be the canonical projection 
which makes Smooth into a topological vector bundle over X. By identifying, for any given 
immersion, smooth functions over S with smooth, infinitesimal, normal deformations of 
that immersion, we obtain the canonical identification of Smooth with the tangent bundle 
TX. Given i e Simp, we define the canonical identification of C°°(E) with the fibre of 
Smooth over [i] by identifying the function (j) e C°°(S) with the vector [i, (p] e Smooth. A 
continuous functional : X — > Smooth is said to be a section of this bundle if and only 
if p o = Id. 

We recall the definition of a curvature function (c.f. [4] and [31]). Let Symm(M") be the 
space of symmmetric, n-dimensional matrices over M"^ and observe that the orthogonal 
group 0(n) acts on Symm(M"^) by conjugation. Let F C Symm(M") be an open, convex 
cone based on which is invariant under this action. A smooth function K : F — )-]0, oo[ is 
said to be a curvature function whenever it is invariant under the action of 0(n) and 
elliptic in the sense that its gradient at any point of F is a positive, definite, symmetric 
matrix. By invariance, for any matrix A, K{A) only depends on the eigenvalues of A, and 
we therefore consider K also as a smooth function from an open subset of M"^ into ]0, 1[. 

Let be a curvature function defined on the open cone F. For [i] e X, we define the 
JC-curvature of [i] by: 

K{i){p) = K{A,{p)), 

where Ai is the shape operator of i. We henceforth assume that X only consists of im- 
mersions whose shape operators are elements of F and the ellipticity of K now implies the 
following important property: 

Ellipticity: For every [i] e X, the Jacobi operator of K at [i] is an elliptic, second order, 
partial differential operator. 

As examples, when F = Symm(]R") and K{A) = H{A) := Tr(^)/n, we recover the 
mean curvature, and when F is the cone of positive definite, symmetric matrices, and 
K{A) = Det(A)^/"^, we recover the extrinsic curvature (sometimes referred to as the 
Gauss-Kronecker curvature). 

We define the functional J-'equw{K) : Simp C°°(S) such that for all immersions i e Simp 
and for all points p E T,: 

T,quUK){i){p) = K,{p), 

where Ki{p) is the iC-curvature of the immersion i at the point p. By Lemma A.l, 
•^equiv(-f^) Is smooth of Order 2. It is equivariant under the action of Diff(S) and quo- 
tients down to a smooth section T{K) of Smooth over X. Moreover, since the Jacobi 
Operator of K is elliptic, J'{K) is also elliptic as a section of Smooth. In the sequel, where 
no ambiguity arises, we abuse notation and denote J-'{K){[i]) merely by K{i). 

The zeroes of K{i) are those immersions of constant iiT-curvature equal to 0. More gener- 
ally, let O C C°°(M) be an open subset of functions. We define the evaluation functional 
£equiv : Simp xO^ C°°(E) by: 

^equivihf) = foi- 
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By Lemma A.l, f^equiv is smooth with respect to the first component and weakly smooth 
with respect to the second. Since it is equivariant under the action of Diff°°(E), it quotients 
down to a mapping S : I x O ^ Smooth. £^ is a family of smooth sections of Smooth over 
X which is weakly smooth with respect to O. In the sequel, where no ambiguity arises, we 
abuse notation and denote S{[i],f) merely by / o z. We define -PiK) : X x O — )■ Smooth 
by: 

f{mi\,f) = T{mi\) - s{[z\,f) = K{i) -foi, 

and where no ambiguity arises, we abuse notation and denote T{K){[i], f) merely by 
K{i,f). 

The Solution Space: For any f e O, let Zf C I he the set of zeroes of the section 
K {•,/). Zf consists of those immersions whose K-curvature is prescribed by /. In other 
words Zf consists of those immersions [i] e I such that: 

We are interested in the number of elements of Zf counted with appropriate signature 
which, in a similar manner to [33], we interpret as the degree of a mapping between two 
spaces as follows: we define the solution space Z CI x O by: 

z = k-\{o}). 

Let TT : Z — )■ O be the canonical projection. We suppose henceforth: 

Properness: The projection tt is a proper mapping from the solution space Z into the 
space O of data. 

We will see presently that tt has a well defined integer valued degree (when multiple covers 
are permitted, the degree may also take rational values, as will be shown in a forthcoming 
paper). For generic f E O we will see that Zf is finite and that this degree is defined to 
be equal to the number of elements of Zf counted with appropriate signature. 

Remark: an alternative interpretation is to view this degree as the number of zeroes of 
certain vector fields over the space X. Indeed, identifying Smooth with TX, we see that O 
parametrises a family of vector fields over X by associating to every f E O the vector field 
[i] I-)- K{i) — foi. For all f E O, the zero set of its corresponding vector field is Z/, and 
for generic f E O, as we shall see, these zeroes are non-degenerate and isolated and their 
number, counted with signature, is then precisely the degree. It is this perspective that 
Schneider adopts in [22] and [23] , refiecting the earlier work [6] of Elworthy and Tromba 
(see also [32]). 

We now describe the geometry of elements of Z, which will be of importance in the sequel. 
For i e Simp, let J~(i) be the C°°-jet of i. 

Proposition 2.1 

For all {\i],f) e Z, J°°{i) is injective. 
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Proof: Suppose the contrary. Choose p ^ q eT, such that J°°{i){p) = J°°{i){q). Since K 
is a second order, elliptic operator, and since i satisfies i^^ = / o z, by Aronszajn's Unique 
Continuation Theorem (c.f. [1]), there exists a difi'eomorphism a sending a neighbourhood 
of p to a neighbourhood of q such that a{p) — q and i o a — i. Let E be the universal 
cover of S and let z : E — > M be the lift of i. Applying Aronszajn's Unique Continuation 
Theorem again, we extend o; to a diffeomorphism a of S such that i o a = i over the 
whole of E. However, since i is simple, a G 7ri(E), and so, in particular, returning to the 
quotient, q — a{p) — p. This is absurd, and the result follows. □ 

We say that a point p e E is an injective point of i if and only if i{q) ^ i{p) for all q^ p. 
Proposition 2.2 

For all (H,/) e Z, the set injective points of i is open and dense. 

Proof: We denote the set of injective points of i by Q,. For all p e E and for all r > 0, let 
Br{p) be the intrinsic ball of radius r about p in E. By compactness, there exists e > 
such that, for all p G E, the restriction of i to B2e{p) is injective. Choose p e ft and denote 
B := Be{p). By definition: 

zip) i z(S^). 

Since B'^ is compact, there exists a neighbourhood U of p in S such that: 

%{U)r\%{B'') = 0. 

Since the restriction of z to S is injective, U Q fl, and this proves that O is open. 

Suppose that O is not dense. Let U be an open subset of and choose p eU . Since i is 
everywhere locally injective, the set of points distinct from p but having the same image 
as p is discrete and therefore finite. Define B as before and let qi,...,qn G B'^ be these 
points. We define F C E by: 



Then by definition: 



i{p)ii{{BUVY). 

Since [B U Vy is compact, there exists a neighbourhood, W oi p inU such that: 

i{W)fM{{B\JVY) = 0. 

We now claim that, for each fc, i{B) r\i{B2e{qk)) does not contain any open subset of i{B). 
Indeed, suppose the contrary. Then i would have the same C°°-jet at two distinct points. 
This is absurd by Proposition 2.1, and the assertion follows. Thus, for each k, there exists 
a dense subset B^ C B such that: 

i{Bk)ni{B2e{qk)) = ^- 
Thus, for each k, there exists an open dense subset Bk B such that: 



iiBk)niiBM) C i{Bk)ni{B,{qk)) = 0. 
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We define Bq C B by: 

-Bo = n Bk. 

i?o n is a non-trivial subset of U consisting of injective points of i. However, by defini- 
tion, BqDW C U C ^1*=. This is absurd, and this completes the proof. □ 

In particular, for immersions of prescribed curvature, we recover the notion of simplicity 
given in the introduction: 

Corollary 2.3 

If ([i],/) e Z then for all p ^ g e S, and for all sufficiently small neighbourhoods 
U and V of p and q respectively: 

i{U)^i{V). 



The Degree of the Projection: We now proceed to the construction of the degree. 
Choose f E O. We need to associate a signature to each element [i] E Zf in a canonical 
manner. We do this as follows: for [i\ e Zf, we define J{KJ)i : C~(S) ^ C~(E), the 
Jacobi Operator of the pair {K, f) at i, by: 

J{K,f)i-<p = JK-^-{Vf,Ni)<p, 

where JK is the Jacobi operator of K at z and is the unit, normal vector field over i com- 
patible with the orientation. Observe that, when we identify the fibre of Smooth = TX over 
[i] with C°°(S) in the canonical manner, J{K, f)i identifies with the operator j), 

which is the partial linearisation at {[i], /) of K with respect to the first component. 

By the ellipticity hypothesis on K, J{K, f)i is a linear, elliptic, partial differential operator 
of order 2. Since it acts on C°°(E), and since S is compact, it is Fredholm of index and 
has compact resolvent (c.f. [10]) and therefore has discrete spectrum (c.f. [12]). Bearing in 
mind that pseudo-differential operators generalise differential operators (c.f. [8]), we recall 
the following result from this more general setting which is central to the sequel (c.f. [12]): 

Lemma 2.4, Algebraic Multiplicity 

Let S be compact, and let L : C°°(E) -)■ C°°(S) be an elliptic pseudo-differential 
operator. For all A e Spec(L), there exists a decomposition of C°°(S): 

c°°(s) = £;ei?, 

where: 

(i) E is finite dimensional; 

(ii) L preserves both E and R; 

(iii) the restriction of L - Aid to E is nilpotent; and 

(iv) the restriction of L - Aid to R is injective. 
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We call this decomposition the nilpotent decomposition of C°°(S) with respect to the 
eigenvalue A of the operator L. Wc define the algebraic multiplicity of the eigenvalue 
A to be the dimension of E. We distinguish this from the geometric multiplicity of 
A, which is defined to be equal to the dimension of the kernel of L — Aid (that is, the 
dimension of the eigenspace of the eigenvalue A). In general, the algebraic multiplicity is 
bounded below by the geometric multiplicity. 

Remark: It is important to observe that the nilpotent decomposition varies continuously 
with L. In particular, as L varies, even though a given eigenvalue A of L may perturb 
to a family of distinct eigenvalues, the sums of their algebraic multiplicities will always 
be equal to the algebraic multiplicity of A (c.f. Lemma 3.7, Proposition 3.10 and, more 
generally. Proposition 3.21). Moreover, since L is real, complex eigenvalues only exist in 
conjugate pairs, and so, even though real eigenvalues may perturb to complex eigenvalues, 
they do so two at a time. The number of strictly negative real eigenvalues counted with 
multiplicity is therefore constant modulo 2 unless some eigenvalue pases through 0, and 
we thus see how the signature, which we will define presently (c.f. Definition 2.8) varies in 
a controlled manner. 

The spectrum of J{K, f) is further controlled by the following result which, for later use, 
we state in a slightly more general context than is required here: 

Lemma 2.5 

Let L : / -a^^ f-ij+b^f-i+cf be a generalised Laplacian over S. For h e C°°(SxS), 
define : C°°(S) ^ C°^(S) by: 

(L^/)(p)-(L/)(p)+ / %,Q)/(g)dVolE. 

There exists B > 0, which only depends on the nnetric on E as well as: 

(i) the norm of a; 

(ii) the C" norms of a~\ b and c; and 

(iii) the norm of h; 

such that the real eigenvalues of L lie in ] - B,+oo[. 

Proof: Suppose first that h = 0. At each point p e E, consider a*-' as a scalar product 
over T*E. This induces a scalar product over T^E, and thus yields a metric, aij, over E. 
Let T^ij be the relative Christophel symbol of the Levi-Civita covariant derivative of aij 
with respect to that of the standard metric. Thus, if "," denotes covariant differentiation 
with respect to the Levi-Civita covariant derivative of a^, then, for all /: 

f,i3 ~ f;i3 ~ ^ ijf;k- 

Observe that F depends on the first derivative of a. We now denote: 

b' = b'- T\qaPi, 
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and so, for all /: 

= -A«/ + b^li + cf, 
where A" is the Laplacian of the metric a^j. 

Now let A be a real eigenvalue of L and let / e C°°(S,M) be a corresponding real eigen- 
vector. Suppose that: 

WfWh = [ /'dvor = 1. 

Then, bearing in mind Stokes' Theorem and the Cauchy-Schwarz Inequality: 

A = /j, f Lf dVol" 

= -fA-f + fb'l, + cfdVol- 
= J^\\Vf\\l + fb^f,i + cfdVor 
^l|V/||i.-l|6||z.^||V/|U.-||c|Uc 

~ 41 

4ll"llL°°- 

The result follows for the case where h = 0. For general h, choose (f) e C°°(S) such that: 

0dVol" = dVols, 

and define h by: 

h{p, q) = h{p, q)(f){q). 

For 11/11,2 = 1: 



lUII 1|IAI|2 



\J f{p) J h{p,q)f{q)dVo\j:dVor\ = / /(p) / /.(p, g)/(g)dVolMVor 

^\\h\\L4fip)m\\L^ 

~ L4f\\h 
L2. 



Thus: ^ 

A ^ -||c||loc - -||6||ioo - 

and the general case follows. □ 

By Lemma 2.5, since the spectrum of J{K, f)i is discrete, its set of strictly negative real 
eigenvalues is finite. 

Definition 2.6, Index and Signature 
Suppose that (H,/) e Z: 

(i) define index([z],/), the index of ([z],/), to be the number of strictly negative, 
real eigenvalues of J{K,f)i counted with algebraic nnultiplicity; and 

(ii) define sig([z],/), the signature of ([z],/), by: 

sig(H,/) = (-ir'i-([^]'"^). 
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The following result permits us to use differential topological techniques to study the 
degree: 

Proposition 2.7 

For all {[i],f) e Z the linearisation of K at {[i],f) is surjective. 

Proof: We identify the fibre of Smooth over [i] with C°°(E) in the canonical manner. Let 
L := J) be the partial linearisation of K with respect to the first component at 

([i],/). L is a second order, linear, elliptic, partial differential operator. Let L* be its 
dual. Since Ker(L*) is finite dimensional, there exists a finite family {pk)i^k^n G S of 
points in S such that the mapping A : Ker(L*) MJ^ given by: 

A{a)k = a{pk), 

is an isomorphism. By Proposition 2.2, we may assume that for all k, pk is an injective 
point of i and moreover that there exists a neighbourhood Uk of pk m T, such that every 
point of Uk is also an injective point of i. For each k, choose Pk £ CQ°{Uk), and define the 
mapping A/3 : Ker(L*) R"^ by: 




/SkCxdVol. 



For each k, let Sk be the Dirac delta function supported on pk- As ...,Pri) converges 
to {5i, Sn) in the weak sense, Ajj converges to A. Thus, choosing (^1, ...,Pn) sufficiently 
close to {Si, Sn) in the weak sense, Aj^ is an isomorphism. 

For each fc, let tt : M — >■ z(S) be the nearest point projection. Choose 1 ^ k ^ n. Since the 
restriction of z to t/^ is an embedding, TTk is smooth near i{Uk), and we define e C°°{M) 
such that near i(S): 

ak{x) = {/3k o 7i){x). 

In particular: 

ttkoi = Pk- 

For each fc, we define the strong tangent vector Vfc to X x C at ([i], /) by: 

Vk = ds{[i],f + sak)\s=o- 

Trivially: 

Thus, if we define E C C°°(E) to be the finite dimensional subspace spanned by ^1, /3n, 
then: 

Im(L) + £;cim(£K([,]j)). 

Observe that the mapping Ap is conjugate to the orthogonal projection from E onto 
Ker(L*), and thus, since is an isomorphism, so is this projection. It follows that 
Bim{E) = Dim(Ker(L*)) = Dim(Coker(L)) and: 

E n Im(L) = E n Ker(L*)^ = {0} . 
12 
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Consequently: 

C°°(E) = Im(L) ®EC Im(£K([i] J)) C C7°°(E). 
Surjectivity follows, and this completes the proof. □ 

Suppose that / is a regular value of n : Z ^ O. By Proposition 2.7, CK is surjective 
at every point of Z. Thus, by the Implicit Function Theorem (Theorem A. 10), Zf := 
7r~-^({0}) is a (possibly empty) compact, 0-dimensional submanifold of X. In other words, 
it is a finite subset. Moreover, by Lemma A. 11, J{K, f)i is non-degenerate at every point 
[i] e Zf. We thus define: 

Definition 2.8, The Degree of the Projection 

\f TT : Z ^ 0'\s proper and if / e C is a regular value of tt, then we define, Deg(7r; /) , 
the degree of tt at / by: 

Deg(7r;/)= J] sig([z]), 
and Deg(7r;/) is defined to be equal to when Zf is empty. 

We will show that regular values of n are generic. This would normally be acheived using 
the Sard-Smale Theorem for smooth functionals between Banach Manifolds (c.f. [24]). 
Since the spaces we study are not however Banach manifolds (c.f. Appendix A), we require 
Theorem A. 12, which provides a version of the Sard-Smale Theorem better adapted to our 
context. We obtain: 

Proposition 2.9 

The set of regular values of n is open and dense in O. 

Proof: Since tt is proper, for all f E O, 7r~^({/}) is compact. Thus if / is a regular value 
of TT, then so is every function in a neighbourhood of /. The set of regular values of tt is 
therefore open. By Proposition 2.7, JCK is surjective at every point of Z. Let X = {0} be 
the 0-dimensional manifold consisting of a single point. For f E O, define Qf : X ^ O hy 
Gf{0) = f. Observe that ^/ is transverse to tt if and only if / is a regular value of tt. By 
Theorem A. 12, there exists f E O as close to / as we wish such that Qf is transverse to 
IT and so /' is a regular value of tt. The set of regular values of tt is therefore dense, and 
this completes the proof. □ 

This allows us to define the degree for generic /: 
Theorem 2.10 
For generic f e O: 

(i) Zf = n-\{f}) is finite; and 

(ii) for all {[i],f) e Zf, the Jacobi operator J{K,f)i is non-degenerate. 
In particular, the degree Deg(7r;/) is well defined at /. 
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Proof: By Proposition 2.9, the set of regular values of tt is generic in O. Let / e O be a 
regular value. The result now follows by the discussion preceeding Definition 2.8. □ 

Varying the metric: Before proceeding to prove the independance of this degree on 
the regular value of n chosen, which will constitute the content of the next four sections, 
we briefly outline how the same approach may be generalised to allow the metric of the 
ambient manifold to vary. 

Let Q be an open subset of the space of Riemannian metrics over M. We deflne Simpg := 
Simpg.(S, M) C C^^CE, M) x ^ to be an open subset consisting of pairs (i, g) where i is 
a simple immersion. For all g G ^, we define Simp^ := Simpg(S, M) to be its fibre over g: 

Simp^ = Simpg n(Ci<S^(S, M) x {g}). 

We assume that every fibre of Simpg is invariant under the action of Diff°°(E), and we 
define Xg := Xg(S,M) to be the quotient of Simpg under this group action (where the 
action on the second component is trivial). For all g E Q,we likewise define Xg := Xg(T,, M) 
to be its fibre over g: 

Xg = Simpg/Diff°°(E), Xg = Simpg/Diff°°(E). 

Remark: A typical example is the set Simp^ of all pairs (z, g) such that i is locally strictly 
convex with respect to g. On the one hand, the fibre Simp^ is always Diff°°(E) invariant, 
but on the other, since convexity depends on the metric, we see that the fibre Simp^ and 
Xg depend on the metric g. 

Given an elliptic curvature function K we define the functional J^g gquiv '■ Simpg — )■ C°°(S) 
by: 

J^g,eqnw{i,g){p) = Kg{i){p), 

where Kg{i){j>) is the K-curvature of the immersion i with respect to the metric g at the 
point p. By Lemma A.l, J^e,equiv is smooth of order 2 with respect to the first component 
and weakly smooth with respect to the second. It is equivariant under the action of Diff (E) 
and quotients down to a family J^g of smooth sections of Smooth over Xg which is weakly 
smooth in the Q direction. 

Let Og C C°°(M) X ^ be an open subset and for all e ^, we define Og to be its fibre 
over g. 

Remark: As wc shall see, the conditions required on O in order to prove properness of the 
projection : Z —f O typically depend on the metric of the ambient space, and it is for 
this reason that the fibre Og is also allowed to depend on the metric g. 

We define Ug by: 

Ug = m,f,9) I {[i\,9) &Tgk {f,g) e Og} . 
For all (7 G ^, we define Ug to be the fibre of Ug over g. Trivially, for all g E Q: 

^9 —^9 ^ ^9- 
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We define the evaluation functional £ in the same way as before, and we define J^g : Ug — > 
Smooth by: 

J,g) = :Fg{[i\,g)-£{[i\J) = Kgii)-foi. 

We abuse notation and denote Tg{[i],f,g) merely by K{i,f,g). We define the solution 
space Zg CUg by: 

Zg^K-\{0}). 

Let TTg : Zg ^ Og be the projection onto the second and third factors. We now suppose: 

Properness: The projection irg is a proper mapping from the solution space Zg onto the 
space Og of data. 

Remark: Suppose that for g E we denote by Zg the fibre of Zg over g and by 'Kg : Zg ^ 
Og the projection onto the second factor. Then the properness of i\g implies in particular 
that TTg is also proper for all g^ and we thus recover a gr-dependant version of our original 
framework. 

We leave the reader to verify that in all our applications, the techniques used to show 
that the projection 'Kg : Zg ^ Og is a proper mapping readily extend to show that the 
projection 'Kg : Zg Og is also a proper mapping for an appropriately chosen set Og of 
data. It then follows, as before, that for generic (/, (7) G Og^ (/, g) is a regular value of 7rg, 
the degree of the projection 'Kg is well defined and that this degree is independant of the 
regular value (/, (7) of 'Kg chosen. Moreover, the degree of -Kg thus defined is readily shown 
to be equal to the degree of 'Kg for all ^, and we thus see how our degree theory extends 
to allow for varying metrics. 

3 - The Degree is Constant. 

3.i Integral Operators. 

Let /o, /i G (9 be regular values of tt. Let p : [0, 1] ^ O be a smooth, injective functional 
such that p{0) — fo and p{l) — fi. We denote: 

We define Zp C I x V Q I x O by: 

Zp = 7r-\V) = {{i,f) eXxV\ K{[i\,f) = 0} . 

By Proposition 2.7, CK is surjective at every point of Z. Thus, since k : Z O is 
proper, by the Sard-Smale Theorem (Theorem A. 12), we may assume that p is transverse 
to TT. It then follows from the Implicit Function Theorem (Theorem A. 10) that Zp is a 
compact, smooth, 1-dimensional, embedded submanifold oiXxV QXxO whose boundary 
is contained in X x dV. 

This suffices to prove that the degree is constant modulo 2. In order to prove that the 
degree itself is constant, we will show in the following sections that Zp also carries a 
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canonical orientation such that the degree of the projection onto V (which itself carries 
a canonical orientation form from its natural identification with [0,1]) coincides at the 
respective end points with the degree of n at /o and /i. 

In this section, we modify the problem by restricting our data set in one direction and 
enlargcning it in another. This allows us in the sequel to impose strong geometric properties 
on the solution space. Using local liftings, we define an integration functional near any 
point of Z as follows: choose z := ([^], /) E Z, e > and define by: 

Se = Sx]-e,e[. 

Let Nj be the unit, normal vector field over i compatible with the orientation and define 
: Ee M by: 

= Exp(tNi), 

where Exp is the exponential map of M. By reducing e if necessary, we may assume that 
Iz is an immersion. Moreover, since Zp is compact, after reducing e even further, we may 
assume that I^j is an immersion for all w E Zp, and even for all w in a neighbourhood of 
Zp. 

We furnish Eg with the pull-back metric I*g and we define the integration functional 
4quiv,. : Simp(E, E,) x C-(E, x E,) ^ C~(E) by: 

4quiv,.(j,/i)(p)= / h{j{p)J{q))dVo\{j){q), 

where dVol(j) is the volume form over E induced by the immersion j. By Lemma A.l, 
iSequiv,2 is smooth with respect to Simp(E, E^) and weakly smooth with respect to C°°(Ee x 
Eg). Moreover, it is cquivariant under the action of Diff°°(E) and thus quotients down 
to a mapping Sg : X(E, E^) x C°°(Ee x E^) — )■ Smooth(E, E^) which defines a family of 
smooth sections of Smooth(E, Eg) over X(E, E^) which is weakly smooth with respect to 
C°°(E, xE,). 

By Proposition 2.2, the set of injective points of i is non-empty. Thus, by Proposition A. 6, 
there exists a neighbourhood Uz of [i] in X such that every element [j] e U lifts uniquely 
to an embedding [j] e X(E, Eg) such that: 

j = IzO 3- 

We denote the lifting map by Cz- 

Pulling Sz back through Cz yields a family of smooth sections of Smooth over Uz which is 
weakly smooth with respect to C°°(Ee x E^). Let Xz : X — )■ R be a smooth bump functional 
supported in Uz and equal to 1 near [i]. We define the mapping Sz :T x C°°(Eg x Eg) 
Smooth by: 

Sz{[m=xz{mciSz){%h). 

Sz is a family of smooth sections of Smooth (E, M) over X which is weakly smooth with 
respect to C~(Ee x Eg). 
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We take particular care near dZp in order to ensure that the perturbations of Zp con- 
structed in the sequel share the same boundary as Zpi let CiK be the partial linearisation 
of K with respect to the first component. Recalling that p(0) and are regular values, 
since invertibility of elliptic operators is an open property (c.f. Proposition A. 3), there 
exists a closed subset, Zp C Zp such that: 

(i) n dZp = 0; and 

(ii) is non-degenerate for all ([^],/) & Zp \ Z'^. 

Since Zp is compact, so is Z'^ and so there exist finitely many points ...,Zn G Zp such 
that: 

^is(,,U^„Intfc-'({l})))xP». 

For all 1 ^ /c ^ n, we denote Ik '■= Izk 7 '■= <Szk ^^nd Xk '■= Xzk ■ Let O be a neighbourhood 
of in X X V, and let AO be a neighbourhood of in C°°(E, x EJ''. Let rj G C^{V°) 
be a smooth function equal to 1 near n{Zp) and define AJ^{K) : fl x AO — > Smooth by: 

AJ-(K)([z],/,/i) = J-(K)([z],/)-r/(t) Yl M\ilhk). 

AJF[K) is a family of smooth sections of Smooth over O which is weakly smooth with 
respect to AO. In the sequel, where no ambiguity arises, we abuse notation and denote 
the element AT{K){[i], f, h) merely by AK{i, /, h). We define the solution space AZ C 
QxAO by: 

AZ = AK-^({0}). 

Let Att : AZ — )■ AO be the canonical projection. For all h e AO, we define AZh C f2 by 
AZh = {A7r)-\{h}). 

In summary, we obtain a new framework that resembles the original framework in all 
important respects, having merely replaced X with O, O with AO, K with AK, Z with 
AZ and tt with Att. We now show how the new framework has the same basic properties 
as the original: 

Proposition 3.1 

Reducing AO and Q. if necessary, Att : AZ AO is also proper. 

Proof: Choose z :— ([i], /) G Zp. Let (z, V, £) be a graph chart of X about [i]. Smooth 
pulls back through £ to the trivial bundle U x C°°(E). We identify sections of t/ x C°°(E) 
over U with functions from U into C°°(E) in the canonical manner, and we denote by 
: U X V X AO C°°(E) the pull back of AK through S. T is smooth with respect 
to U X V and weakly smooth with respect to AO. In fact, chosing appropriate Holder 
completions of AO and C°°(E), we may assume that T is (c.f. Lemma A.l). 

If we denote by DiT the partial derivative of T with respect to U, then DiT is a second 
order, elliptic, linear, partial differential operator. In particular, it is Fredholm. Thus, by 
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Proposition A. 4, there exist neighbourhoods and of (0, f) inU xV and of in AO 
respectively such that ii tt : U x V x AO — )> AO is the projection onto the third factor, 
then the restriction of tt to (A^^ x M z) r\ {{0}) is proper. Identifying now with 
its image under £, since ^~^({0}) = £~^{AZ), we deduce that the restriction of An to 
(Nz xMz)r\ AZ is proper. 

Since Zp is compact, there exist finitely many points zi, Zn E Zp such that: 

ZpQN:= U N,^. 

We denote: 

M = n Mg.. 
i=l ' 

The restriction of An to {N x M) n AZ is proper. Replacing AO with M, we may therefore 
assume that the restriction of An to {N x AO) fl AZ is proper. Reducing Q, if necessary, 
we may suppose that it is contained in A^, and so the restriction of An to AZ is relatively 
proper in 17 x AO. However, by definition, Zp lies in the interior of VL and so, in particular: 

Zpf\dVt = ^. 

Thus, by properness, reducing AO further if necessary: 

A7r-^(AO)nan = 0, 

and so the restriction of An to AZ is proper. This completes the proof. □ 
The following result will also be useful in the sequel: 
Proposition 3.2 

Let CAK be the linearisation of AK. After reducing AO and VL if necessary, CAK 
is surjective at every point of AZ. 

Proof: Since surjectivity of elliptic functionals is an open property (c.f. Proposition A. 3) 
and since An is proper, it suffices to prove that CAK is surjective at every point of 
Zp = AZq. 

Choose z :— {[i], /) G Zp. Choose k such that Xk — ^ near [i]. Let [j] be the /c'th lifting of 
[i] into Simp(E,Ee). That is: 

Choose e C°°(S). Let tt : Eg — > S be the nearest point projection onto the image of j. 
Since j is an embeddeding, n is smooth near j{T) and we define a e C°°(Ee) by: 

a{x) — {(f o n){x). 

Trivially: 

(a o j) = (f. 
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Define g E C°°(E, x E^) by: 

gix^y) = -a(x). 

Identifying the fibres of Smooth and Smooth(S, Sg) over [i] and [j] respectively with C°°(S) 
in the canonical manner, we obtain: 

^k{\i],9) = -Xk{\i])Sk{[j],9) 
= —{a o i) 

= -V- 

We thus define h e C°°(S^ x E^)" by: 

^ _ r (7 if i = /c; and 
* \0 otherwise. 

Bearing in mind that the bump function rj is equal to 1 near /, we obtain, for all s e R: 

AK{[i\,f,sh) =K{[{\J)-Sk{[{\,shk) 
= K{\i],f) + sif. 

We define the strong tangent vector X to Q x AO at z by: 

X := ds{[i]J, sh)\s=o. 

Then: 

£AK(,,o) - ^ = dsAK{[{\,f,sh)U=o = [hv], 
and it follows that CAK is surjective. 

Suppose now that z & Zp \ Z'^. Let CiK and C2K be the partial linearisations of K 

with respect to the first and second components respectively and let C^AK be the partial 
linearisation of AK with respect to the third component. For all (a,^, 7) tangent to 
X XT' X AO at (W,/,0): 

>CA^([i],/,o) • (a, /3, 7) = >Ci^(W,/) • a + >^2^([i],/) • /3 + C^AK^^^j^q^ ■ 7. 

By definition of Z^, ^i/C^j] j) is surjective, and thus so is CAK(^z,q)- This completes the 
proof. □ 

The Sard-Smale Theorem may be used to show that regular values of Att are generic in 
AO. However, in the current setting, this is not necessary: 

Proposition 3.3 

Reducing AO and Q. if necessary, every h e AO is a regular value of Att. 
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Proof: Since surjectivity of elliptic functionals is an open property (c.f. Proposition A. 3), 
and since Att is proper, it suffices to show that is a regular value of Att. 

Choose z := {[i], f) e Zp = AZq. Choose h e AO and define (p e C°°(E) such that: 

[hf] = Vif) Yl ^k{\i],hk)- 

Let jCK be the linearisation of K. By Proposition 2.7, CK is surjective at ([«],/)• There 
therefore exists a strong tangent vector (a, /3) to X x C°°{M) at ([^], /) such that: 

Since p is transverse to tt, there exists a strong tangent vector (7, 5) to Z at ([i], /) and a 
tangent vector F to at / such that: 

p = s + v. 

Since (7, 5) is a strong tangent vector to Z: 
Thus: 

And so: 

£AK([,]j,o)-(«-7,"^",/i) = 0. 

It follows that {a — 7, V, /i) is a strong tangent vector to AZ at z and so h e Im(DA7r), 
where DAtt is the derivative of Att. is thus a regular value of Att and this completes the 
proof. □ 

3.2 The Degree is Constant. 

Using the notation of the preceeding section, we now construct a canonical orientation 
over Zp. This will require genericity results in the form of Propositions 3.5 and 3.9 below. 
The proofs of these results are moderately long and technical, and since, in particular, 
they distract from the main flow of the argument, we defer them to Sections 3.3 and 3.4 
respectively. 

Choose h e AO. For z := ([^],/) e AZ^, we identify the fibre of Smooth = TI over [i] 
with C°°(E) in the canonical manner, and we define AJ{K, h)(^ij) : C°°(S) C°°(S), the 

Jacobi operator of (K, h) at (i, /), to be equal to >CiAK([j] j /j), the partial linearisation at 

([z], /, h) of A^ with respect to the first component. 
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We now recall that a (smooth) generalised Laplacian is an operator L : C°°{T,) — > 
C°°(S) which may be expressed in local coordinates in the form: 

L(p = —a^^didjif + Vdiip + ap, 

where the summation convention is assumed, a, h and c are smooth functions, and there 
exists K > Q such that, for all p e E and for every vector X tangent to E at p: 

K 

We define a second order, elliptic, integro-diflferential operator to be an operator 
L : C~(S) ^ C°°(S) of the form: 

{Llp){p) = {Lo(p){p) + I h{p,q)(fi{q)dyolq, 

where Lq is a generalised Laplacian, and /i is a smooth function. Let X be a finite 
dimensional manifold. A family (La;)a;6X of integro-differential operators is said to be 
smooth if and only if: 

{LxV){p) = {Lo,xV){p) + h{p, q,x)ip{q)dVolq, 

where h e C°°(S x S x X) is a smooth function, and the coefficients of Lq^^ vary smoothly 
with X. 

Returning to AJ{K, h){^ij-), although its explicit formula is too cumbersome for us to want 
to bother the reader with it, we may now observe that it is a second order, linear, elliptic, 
integro-differential operator with smooth coefficients, as follows from the fact that is 
obtained from K by adding a finite sum of products of integral operators and smooth bump 
functions, all of whose linearisations are integral operators (c.f. Section A. 3 and Lemma 
A. 5). In particular, as in Section 2.1, A J(i^, j) has compact resolvent and therefore 
discrete spectrum. Moreover, by Lemma 2.5, it has only finitely many strictly negative 
real eigenvalues, counted with multiplicity, and thus, as in Definition 2.8, we denote by 
sig{z^h) the signature of the operator AJ{K,h)(^ijy 

By Propositions 3.1 and 3.3 and Theorem A. 7, after reducing AO if necessary, for all 
h e AO, AZh is a strongly smooth, one-dimcnsional, embedded submanifold of O whose 
boundary is contained in Xx dV. Moreover, by Proposition 3.1, AZ^ converges to AZq — 
Zp as h tends to 0. Observe in addition that the bump function r] is supported away from 
dV, and so recalling the definition of AK, we find that, for all h G AO: 

AZh n(X x dV) = Zp r]{I X dV). 

Moreover, when h — 0, for all z :— {[i], f) G AZq — Zp-. 

AJ(K,0)(,,^) = >CiAK([,],^,o) = = J{KJ)i. 
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We thus immediately obtain: 
Proposition 3.4 

For all z := ([i],/) e dZp = dAZo: 

sig(AJ(K,0)(,,,)) = sig(J(K,/),). 

In particular: 

sig(2,0) = sig(2;). 
Recalling that p is bijective, we define t :I x V ^ [0,1] by: 

t{\i],f)=p-\f). 

Thus p is essentially the projection onto the second factor. We denote also by t its restric- 
tion to Q. 

Proposition 3.5 

After reducing AO if necessary, for generic h e AO, all critical points oft : AZ^ 
[0,1] are non-degenerate. 

Proof: This follows immediately from Proposition 3.17, whose statement and proof we 
defer to Section 3.3. □ 

Thus, without loss of generality, we assume that all critical points of t : AZ^ — )■ [0, 1] are 
non-degenerate. In particular, they are isolated, and since AZ^ is compact, there are only 
finitely many. The tangent space to AZ^ is related to the kernel of AJ(K, by the 
following result: 

Proposition 3.6 

AJ{K,h)(^ij) is degenerate if and only if dt = 0. Moreover: 

Dim(Ker(AJ(K,/i)(ij)))^l. 

Proof: Let jCiAK be the partial linearisation of AK with respect to the first component. 
By Proposition A.ll, for {[i], f) G AZh'. 

Ker(£iAK([,],^,ft)) = T([,] j)AZft nT([,] j)(X x V). 

Thus: 

Dim(Ker(£iAK([i] J,;,))) ^ Dim(T([i] j) AZ;,) = 1. 

Moreover, this space is non-trivial if and only if the projection from Tqj] j)A2^/j onto TfV 
is trivial, which holds if and only if dt = 0. Since AJ{K,h){ij) = >CiAK([i] j^^), this 
completes the proof. □ 
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We observe that AZ^ inherits a metric from its canonical embedding into I x V, and we 
define the form fx whenever dt ^ by: 

dt 

/^ = sig([^],^,/^)p^. 

We will show that fj. extends to a smooth form over the whole of AZh, thus defining an 
orientation form. We first show in what manner the spectrum of an operator varies con- 
tinuously with that operator. Let L be a second order, linear, elliptic, integro-differential 
operator acting on C°°(S). Let Spec(L) C C be the spectrum of L. We recall from Section 
2.1 that, since S is compact, L has compact resolvent, and its spectrum is discrete. We 
define the function Mult(L; ■) : C — ?> Nq such that Mult(L; Q is the algebraic multiplicity 
of C whenever ( is an eigenvalue of L and Mult(L;C) = otherwise. Mult(L;C) varies 
continuously with L in the following manner: let 7 : /S-*^ — > C be a simple, closed curve that 
does not intersect the spectrum of L. Let U be the interior of 7. Let X be a smooth finite 
dimensional manifold, let {Lx)x€X be a smooth family of second order, linear, uniformly 
elliptic, integro-differential operators such that Lxq = L for some xq & X. Prom classical 
spectral theory we obtain (c.f. [12]): 

Lemma 3.7 

For X sufficiently close to xq: 

J]Mult(L,;C)- 5^Mult(L;C). 

Using this we prove that fi is locally constant away from critical points of t: 
Proposition 3.8 

Suppose that dt{z) 0, then for all w e AZ^ sufficiently close to z: 

sig(w, K) — sig(;2, K). 

Proof: Let L\AK be the partial linearisation of AK with respect to the first component. 
Since dt 7^ 0, by Proposition 3.6, LxAK^^^^h) = AJ{K^ h)g is non-singular. In particular, 
is not an eigenvalue. Let i? > be as in Lemma 2.5. Let C C be a relatively compact 
neighbourhood of ] — B,0] such that: 

(i) dfl is smooth; 

(ii) Q is symmetric about M; 

(iii) no point of Spec(£iAi^(^ /j)) lies on 90; and 

(iv) the only points in Spec{CiAK(^g f^^) flO are real. 
Suppose, moreover, that there exists 5 > such that: 
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(i) (Q \ Bs{0)) nR is an open subset of the negative real axis; and 

(ii) no point of Spec(£iAi^(^ /j^) lies in Bs{0). 

By Lemma 2.5, all negative, real eigenvalues of £iAK(y, /j) lie in Q. By Lemma 3.7, for all 
w e AZ/i close to z: 

J2 Mult(£iAK(„,^);C)= Yl Mult(£iAK(,,^);C) = 0. 

CeBsio) CeBsio) 

Thus, for w sufficiently close to z, all real eigenvalues of £iAi^(^ lying in Q also lie in 
the complement of Bs{0) and are therefore strictly negative. Thus: 

index(«;, /i) = J] Mult(£iAK(^,;,); C). 

However, since CiAK(^^ h) is real, all its complex eigenvalues exist in conjugate pairs with 
equal multiplicity, and so, for all w close to z: 

index (tu, /t) = ^ Mult(£iAK(„,^); C) mod 2. 

However, by Lemma 3.7 again: 

^Mult(£iAi^(^,;,);C) = ^Mult(AA^(,,;,);C) = mdex{z,h). 

Thus: 

index(A J(ii:, /i)^) = index(A J(ii:, h)^) mod 2 
<^=> index(ti;, h) = index(^, h) mod 2 

<^ sig(«;,/i) =sig(2;,/i). 

The result now follows. □ 

We now consider points where dt vanishes. At these points, by Proposition 3.6, AJ{K, h) 
is degenerate with 1-dimensional kernel. However, since AJ{K, h) is not self-adjoint, the 
algebraic multiplicity of the eigenvalue may be greater than 1. We first deal with this 
possibility: 

Proposition 3.9 

For generic h e AO, at any critical point z e AZh of t -. AZh [0, 1] the algebraic 
multiplicity of the eigenvalue of AJ{K,h)z is equal to 1. 
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Proof: This follows immediately from Proposition 3.24, whose statement and proof we 
defer to Section 3.4. □ 

Thus, without loss of generality, we may suppose that at any critical point z G AZh of t 
the algebraic multiplicity of the eigenvalue of AJ{K, h)^ is equal to 1. We determine how 
this eigenvalue varies near the critical point. We will see in Proposition 3.11 below that 
this eigenvalue passes through with non-zero velocity as z passes through this critical 
point. As before, let X be a smooth manifold, and let (I'a;)a;ex be a smooth family of 
second order, linear, uniformly elliptic, integro-differential operators such that Lx^ = L for 
some Xo e X. We recall: 

Proposition 3.10 

Suppose that A is an eigenvalue of L with algebraic nnultiplicity 1. Let / e C°°(S) 
be such that: 

11/11 = 1, Lf = X. 

There exists a neighbourhood Q of xo and two smooth fannilies (fx)xen and (Xx)x€n 
such that fxo = f, Xxo = ^< and, for all x: 

\\fx\\ 1, ^xfx — ^xfx- 

Moreover, for all V e T^^^X: 

L{Dvf)xo + iDvL)xof = KDvf)xo + {Dv\)xof- 

We now prove that ji is locally constant near critical points of t: 
Proposition 3.11 

Choose z G AZh- Suppose that dt{z) = 0. Let a AZh M be a path length 
parannetrisation of AZh near z. For all z~ ,z'^ sufficiently close to z such that: 

(t{z~) < a{z) < cr{z+), 

we have: 

sig(z",/i) = (-l)sig(^+,/i). 

Proof: We identify V with [0, 1] by identifying every / G P with the unique t G [0, 1] 
such that p{t) = f. Let (zo-, ^(j)(j6]-e.e[ be a smooth family such that zq = and a i— )■ 
Za- '■= {[ia],ta) is a path length parametrisation of AZh near z. In the sequel, we identify 
cr g] — e, e[ with the point {[ia],ta) G AZh which it parametrises. For all a, we identify 
C°°(E) with T^i^-^X = Smooth[j^] by identifying the function with the vector [v, 0]. For 
all (7, we define G C°°(E) = T[i^]T by: 

VcT = da[ia]- 

By definition, for all cr, {(pa, data) G T^-X x [0, 1] is a strong tangent vector to AZh at a. 
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Let CiAK be the partial linearisation of AK with respect to the first component. By- 
Proposition 3.6, CiAK(^2,h) is singular, and so is an eigenvalue. Moreover, its kernel is 
1-dimensional. Let C2AK be the partial linearisation of AK with respect to t, and, for 
all cr, let e C°°(S) be such that: 

= L'iAk, ■ dt. 

Then, since AK vanishes over AZh, by the chain rule: 

L^AK^ip^ + {d„t)^„ = 0. 

We claim that ^/'o does not lie in the image of £iAJC(_j. /j). Indeed, suppose the contrary. 
There exists e C°°(S) such that: 

£lAi:(,,;,) -(^ + ^0 =0 
^ £l,2AK(,,;,)-(<^,at) =0 

(0, 5t) is thus a strong tangent vector to AZ^ at z. However, since (5o-t)o = 0, (y'OjO) is 
also a strong tangent vector to AZ^ at 2;, and AZ^ is therefore 2-dimensional, which is 
absurd, and the assertion follows. 

Differentiating with respect to u, and using again the fact that d^t = at cr = 0, we 
obtain: 

(a,£iAK)oV7o + CxAk^{d„p)^ + (92^)0^0 = 0. 

By Proposition 3.9, the eigenvalue of L\AK(^^^i^-s^ has algebraic multiplicity equal to 1. By 
Proposition 3.10, there exist smooth families ((/)a)CTe]-e,e[ ^ C°°(S) and (A(j)o^g]_e^£[ e R 
such that: 

(i) 00 = (^0; and 

(ii) for all a sufficiently close to 0, L\AKcf(\)a = ^a^^a- 

Let 5 > be such that is the only eigenvalue of £iAi^(-2^) in the closure of -65(0). 

By Lemma 3.7, for a sufficiently close to 0, \a is the only eigenvalue of ^lAK^p. in 
5^(0). In particular, since complex eigenvalues arise in conjugate pairs, A^- is real for all 
cr. Moreover, differentiating, we obtain: 

(a,£iAK)o0o + £1 A^o(a,0)o - (a,A)o0o + Ao(a,0)o- 

Since Aq = 0, and = (fio, this yields: 

(a^t)oV'o + {daX)o(f>o e Im(£iAi:(^,;,)). 

By hypothesis, z — a{0) is a non-degenerate critical point of t, and so (9^t)o 7^ 0. Con- 
sequently, since ipo ^ Im.{CiAK(^z,h)) it follows that (5crA)o 7^ 0. We conclude that, for a 
near 0, the eigenvalue Ao- is real and changes sign as a passes through 0. The remaining 
eigenvalues are treated as in the proof of Proposition 3.8, and the result follows. □ 

Proposition 3.12 

For generic h e AO, /i extends to a snnooth non-vanishing l-fornn over AZh- 
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Proof: This follows from Propositions 3.8 and 3.11. □ 
Proposition 3.13 

There exists a canonical smooth non-vanishing l-form over Zp such that, for 

z = {[{], t) e dZp-. 

. . dt dt 

Proof: By Proposition 3.4, for z e dZp, sig(^, h) — sig(^). Existence follows from Propo- 
sition 3.12 by taking limits as h tends to 0. Canonicity follows since the sign of the form 
is determined by its signs at the end-points and its norm is determined by the embedding 
of Zp into IxV.D 

This allows us to prove that the degree is constant: 
Theorem 3.14 

For any two generic /o,/i e C in the same path connected component: 

Deg(7r;/o) = Deg(7r;/i). 

Proof: We define t : Zp ^ [0, 1] by: 

m,f)=p-\f). 

We furnish Zp with the canonical orientation form as given by Proposition 3.13. For every 
regular value s e [0, 1] of t, we define Deg(t; s) in the canonical manner for smooth maps 
between oriented finite dimensional manifolds. By definition of the orientation: 

Deg(7r; /o) = Deg(t; 0), Deg(7r; /i) = Deg(t; 1). 

However, by classical differential topology, the degree of a smooth, proper map between 
two oriented manifolds is constant. Thus: 

Deg(7r; /o) = Deg(t; 0) = Deg(t; 1) = Deg(7r; /i). 

This completes the proof. □ 

3.3 Genericity of Non-Degenerate Critical Points. 

We prove the first genericity result of Section 3.2, being Proposition 3.5. We continue to 
use the notation of the preceeding sections. We define the equivalence relation ~ over 
by: 

We furnish M^/ ~ with the quotient topology and differential structure. Thus, given an 
open interval / and a mapping 7 : / — > R^/ ~, we say that 7 is continuous (resp. smooth) if 
and only if it lifts everywhere locally to a continuous (resp. smooth) mapping 7 : / — > R^. 
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We identify V with [0, 1] by identifying t e [0, 1] with p{t) e V. We thus view Q henceforth 
as an open subset of Xx [0, 1]. We define the functional a : AZ M^/ ~ as follows: choose 
p := {[i],t,h) G AZ. By definition AZ^ is a strongly smooth, compact, one dimensional 
submanifold of X x [0, 1]. Using the canonical metric over X and the canonical metric 
over [0, 1], we define a smooth path length parametrisation a : AZh — > R. cr is well defined 
up to a choice of base point and orientation on every connected component. We define 
a{p) e M/ ~ by: 

where t : X x [0, 1] — ?■ [0, 1] is projection onto the second factor. a{p) is independant of the 
orientations and base points chosen, and thus defines a well defined functional from AZ 
into R^/ ~ which is trivially weakly smooth. 

We observe that if G AZ^, then /i) G AZ, and is a degenerate critical 

point of t along AZh if and only if a{p) — 0. The following two propositions show that 
Da is surjective at every point of Q!~^({0}) in AZq = Zp-. 

Proposition 3.15 

For all p := G AZq such that a{p) = 0, there exists a strong tangent vector 
X to AZ at (p,0) such that: 

X ■ {dj) ^ 0. 

Proof: Let p = {[i],t) G AZq = Zp be such that a{p) = 0. Recalling the notation of 
Section 3.1, we observe that a 7^ over Zp\Zp, and thus p G Zp. We identify C°°(E) with 
TX[i] = Smooth[i] by identifying the function (/) G C°°(E) with the vector [i, (j)]. Let CiAK 

and C2AK be the partial linearisations of AK with respect to X and [0, 1] respectively, 
and denote C\^2AK = CiAK + C^AK. By Proposition 3.6, since p is a critical point of t 
along AZq: 

Ker(£iAKp) ^ 0. 
Choose C C°°(S) such that ||<^||2 = 1 and: 

LiAKp • VP = 0. 

In particular, £1 2Ai^p ■ (v?, 0) = 0, and so, by Proposition A. 8, (<^,0) is a strong tangent 
vector to AZq at p. Since (<^,0) has length 1, by definition of cr: 

Da - ((/?, 0) = 1. 

Choose V e C°°(E) such that, for aU s G M: 

L^AKp ■ s = sil^, 

Recalling again the construction of Section 3.1, we choose k such that Xfc = 1 near [i], and 
we let [j] be the /c'th lifting of [i] into Simp(S, Eg), that is: 

i = Iko j- 
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Let dj be the signed distance in Eg to j(S) and let TTj : Eg — > be the nearest point 
projection. Since j is an embedding, both dj and ttj are smooth near We define 

a, 6 e C°°(Se) such that, near 

a{x) = dj{x){(fi o 7rj){x), b{x) = (if; o 7rj){x). 

The functions a and b have the following properties: 

(i) a o j = 0; 

(ii) (Va) o J = (/jNj , where Nj is the unit normal vector field over j compatible with the 
orientation; and 

(iii) b o j = ip. 

Define g e C~(Se x Ee) by: 

£f(a;,?/) = a{y)b{x). 
Define h := (hi, ...,hn) e C°°(Se x E,)^ by: 

^ _ r 5f if / = /c; and 
' [ otherwise. 

For s near 0, denote = {[i], t, sh). Since hk = g vanishes along j, Ps £ AZ for all s. We 
define the strong tangent vector X to AZ at p by: 

X := dsPs\s=o = ds{[i],t, sg)\s=o. 

Wc show that X has the desired properties. Consider the functional A : X(S, Eg) x [0, 1] — >• 
Smooth(S, Se) given by: 

M[3],t) =J^g{j{-)J{q))dyol, 

= /^(aoJ)(g)dVol,(6oJ). 

Let CA be the linearisation of A. For all strong tangent vectors 9 to X(E, S^) at [j] (c.f. 
Appendix A): 

Let ^ : X — >■ Smooth be the pull back of A through the lifting map. Since Xfc = 1 near [i] 
and rj = 1 near /, for all sufficiently small s, we readily obtain: 

£i,2Akp^ = Ci,2Akp + sCA^i^. 

Thus, for every strong tangent vector {9,y) to I x [0, 1] at pg-. 

£i,2AKp^ ■ (9, y) = £i,2Akp ■ [9, y) + s if9dVolpiP 
= CiAKp ■ 9 + L^AKp ■ y + 9)^ 
= CrAkp-9 + {y + s{^,9))ip. 
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Thus, since jCiAKp ■ (p = 0, for all s: 

£i,2AKp^ • {if, -sll^lla) = 0. 

The vector — sHv^Hl) is therefore a strong tangent vector to AZ^g at pg. We extend a 
to a weakly smooth functional a : AZ — > M such that, for all s, ps is the base point of the 
path length parametrisation. In other words: 

a{ps) = 0. 

Bearing in mind that ||v'||2 = 1, since a is the path length parametrisation: 

Da-{ip,-s) -(l + s2)V2 

=(l + s2)-V2(<^,_5) 

^ d^t = -s(l + s2)-l/2 

dsdat\8=Q = -1. 

Thus: 

X ■ {d^t) = dsd^t\s=o ^ 0. 

This completes the proof. □ 
Proposition 3.16 

For all p := e AZ such that a{p) = 0, there exists a strong tangent vector X 
to AZ at p such that: 

X • (dlt) ^0, X • = 0. 

Proof: Let p := {[i],t) G AZq = Zp be such that a{p) = 0. Recalling the notation of 
Section 3.1, we observe that a ^ over Zp\Zp, and thus p G Zp. We identify C°°(E) with 

TX[j] = Smooth[j] by identifying the function G C°°(E) with the vector [i, (p]. Let £iAX 
and C2AK be the partial linearisations of AK with respect to X and [0, 1] respectively, 
and denote Ci 2AK = CiAK + L^AK. By Proposition 3.6, since p is a critical point of t 
along AZ(£:(/;/i)): 

Ker(£AKp) 0. 
Choose e C°°(E) such that ||<^|| = 1 and: 

LxAKp • = 0. 

In particular, L\^iAKp ■ (</:, 0) and so, by Proposition A. 8, 0) is a strong tangent vector 
to AZq at p. Since (</?, 0) has length 1, by definition of a: 

Da - ((^,0) = 1. 
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Since jCiAKp is Fredholm of index 0, Im{CiAKp) has codimension 1. Recalling the con- 
struction of subsection 3.1, we choose ifj G Im(£iAi^p)-'-. Choose k such that Xfc = 1 near 
[i] and we let [j] be the /c'th lifting of [i] into Simp(S, S^), that is: 

i^lko j- 

Let dj be the signed distance in to and let ttj : — >■ be the nearest point 
projection. Since j is an embedding, both dj and tTj are smooth near We define 

a, 6 e C°°(S£) such that, near 

The functions a and 6 have the following properties: 

(i) a o j = 0; 

(ii) (Va)oj = 0; 

(iii) (Vnj Va) = N^, where is the unit normal vector field over j compatible with the 
orientation; and 

(iv) (b o j) = il;. 

Define g e C°°(E, x S,) by: 

g{x,y) = a{y)h{x). 
Define h := (/ii, K) G C°°(S, x E^)" by: 

^ _ f gf if Z = A;; and 
' 1^ otherwise. 

For s near 0, denote = ([i], t, s/i). Since hk = g vanishes along j, G AZ for all s. We 
define the strong tangent vector X to /S.Z at p by: 

X := 5sPs|s=o = ds{[i],t, sh)\s=Q. 

We show that X has the desired properties. Consider first the functional A : X(S, Eg) — >■ 
Smooth(E, Eg) given by: 

=/^^(K-),J(9))dVol, 

= /^(aoJ)(g)dVol,(6oJ). 

Let be the linearisation of A. Since both a and Va vanish along j, for all strong 
tangent vectors 9 to X(i;, Sg) at [j] (c.f. Appendix A): 

• ^ = 0. 
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Calculating the second order linearisation, we obtain: 

C'^A[j]{ip,9) = J ip9dVolilj. 

Let A : X — 7> Smooth be the pull back of A through the lifting map. Since Xk = ^ near [i] 
and r] = 1 near /, for all sufficiently small s, we readily obtain: 

' I for ctll s * 

Ci,2AKp^-{0,y) =Ci,2AKp-{6,y) + sCA[^-e 

In particular: 

The vector ((^, 0) is therefore a strong tangent vector to AZsh at ps for all s. We extend 
(7 to a weakly smooth functional cr : AZ — > R defined in a neighbourhood of p such that, 
for all s, Ps is the base point of the path length parametrisation. In other words: 

(j{Ps) = 0. 

Since ||<^|| = 1, by definition of cr, for all s: 

Dap^- {if, 0)^1. 

In other words, for all s, d^ips) = {f, 0). We now restrict attention to a strongly smooth 
embedded 2-dimensional submanifold, S C AZ passing through p such that, for all s 
sufficiently close to 0: 

AZsH C S. 

{s, a) defines a local coordinate system of S near p. Calculating the second order partial 
linearisation of AK, we obtain: 

{^,C^,2Ak)p^ ■ {d,y) - (£?,2AKU((yp,O),(0,y)) 

- {Cl^Ak)p{{ip, 0), {9, y)) + s{C^A){ip, 9) 
= {Cl^AkUiif, 0), {9, y)) + s if9dYo\i;. 

{dsd^Ci,2Ak)p-{9,y) ^ J^ifi9dYolij. 

For all (s, cr) e S, let {(pa,a, {dat)s,a) be the strong tangent vector to AZgh in X x [0, 1] at 
(s, cr) satisfying: 

Da ■ {(fs^a, {dat)s,a) = 1- 

Since S C AZ, for all (s,cr): 

Ak{[is,a],ts,a,sh) =0 
{jC^,2Ak),,,-{<fis,a,idat)s,a) =0. 
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Differentiating twice more yields: 

By construction, {(fis,Oj (^ct^)s,o) = (fj 0) for all s, and so: 

Moreover, since a and Va both vanish along j (c.f. Appendix A): 

{dsCi,3Ak)o,o = CAo,o = 0. 
Thus, using the formula for (dsdaJC,i,3AK)p determined above: 

ijCiAkp)idsd,ip)o,o + idsdlt)o,oOJ+ [ ip'^dVoliP = 0, 

Jn 

for some function u e C°°(S). However, by definition, ip ^ Im(£iAKp), and therefore: 

^ (a,a2t)o,o ^0. 

Moreover, recalling that {(p, 0) is tangent to AZgh at Ps for all s, we obtain: 

(^(T^)o,s = for all s 
{dsdat)o,o =0. 

Thus: 

X.{dlt) ={d,dlt)o,o ^0 

={dM)o,o =0. 

This completes the proof. □ 
We thus obtain: 
Proposition 3.17 

After reducing AO if necessary, the set of all points h e AO such that t : AZh 
[0,1] only has non-degenerate critical points is open and dense. 

Proof: Let Z := {0} be the 0-dimensional manifold consisting of a single point, and for 
h e AC, define Qh ■■ Z ^ AO by: 

Qhio) = h. 

We claim that if Qh is transverse to the restriction of Att to q;~^({0}), then the function 
t : AZh [0, 1] only has non-degenerate critical points. Indeed, by Proposition A. 10: 

Z{T, a) = 0, 
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since, otherwise, it would be a smooth, embedded manifold of dimension equal to — 1, 
which is absurd. However, p G AZh is a degenerate critical point of t if and only if a{p) 
equals 0, and the assertion follows. 

Wc thus claim that the set of all points h G AO such that Qh is transverse to the restriction 
of An to q;~^({0}) is open and dense. However, by Propositions 3.15 and 3.16, Da is 
surjective at every point of a~^{{0}) in AZq. Thus, by properness of An : AZ AO, 
since surjectivity is an open property, reducing AO if necessary Da is surjective at every 
point of q;~^({0}) in AZ. Thus, since Ayr : AZ — )■ AO is a proper mapping, and since 
CAK is surjective at every point of AZ, it follows from the Sard-Smale Theorem (Theorem 
A. 12) that Qh is transverse to the restriction of An to q;~^({0}) for generic h. Openness 
follows by the properness of An, and this completes the proof. □ 

3.4 Genericity of Points of Trivial Nilpotency. 

We continue to use the notation of the preceeding sections. Let CiAK be the partial 
linearisation of AK with respect to the first component. We define the functional : 
AZ No by: 

N{p) = Mult{jCiAKp,0). 
By definition, N{p) equals zero when CiAKp is invertible. 
Proposition 3.18 

The functional N -. AZ No is upper semi-continuous. 

Proof: Choose p G AZ. Let 5 > he such that the only possible eigenvalue of CiAKp in 
the closed ball of radius 5 about is itself (which may have multiplicity 0). By Lemma 
3.7, for all q G AZ sufficiently close to p: 

Mult(>CiAi:g, = J2 Mu\t(jCiAkp,z) = N{p). 

This completes the proof. □ 

We define the functional N : AO Nq by: 

N{h)= Sup N{i,f,h). 

Proposition 3.19 

The functional N : AO No is everywhere finite and upper semi-continuous. 

Proof: Since An : AZ — > AO is proper, for all h G AO, AZ^ is compact. Since N is 
upper-semicontinuous, N is finite. Upper semi-continuity of N follows similarly. □ 

We aim to show that AT ^ 1 over an open, dense subset of AO. We first require more 
refined information concerning the nilpotent decomposition of an operator. Let L be a 
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second order, elliptic, integro-differential operator defined over E. Let A be an eigenvalue 
of L. Let C°°(E) = E (B R he the nilpotent decomposition of C°°(S) with respect to this 
eigenvalue. Wc readily obtain: 

Proposition 3.20 

Let L* be the adjoint of L. Let C°°(E) = _E*®R* be the nilpotent decomposition 
of C°°(S) with respect to the eigenvalue A of L*. Then, with respect to the 
metric: 

E* = R^. 

In particular, E* may be identified with the dual space to E. 

Let X be a finite dimensional manifold. Let {Vx)xex be a family of finite dimensional 
subspaces of C°°(E). We say that this family is strongly smooth if and only if there 
exists everywhere locally a strongly smooth family F := (/i,...,/^) : X — )■ C°°(E)"' of 
bases. Likewise, let {Wx)xex be a family of finite codimension subspaces of C°°(E). We say 
that this family is strongly smooth if and only if the family of dual spaces {W*)x£X Q 
C°°(E) is strongly smooth. When these subspaces depend on elements of a function space, 
we define weak smoothness of this dependence as in Appendix A. The following partial 
generalisation of Proposition 3.10 shows how degenerate eigenvalues perturb (c.f [12]): 

Proposition 3.21 

Let ID02(S) denote the space of second order, elliptic, integro-differential op- 
erators over C°°(E) with smooth coefficients. There exists a neighbourhood O 
of L in ID02(E) and two weakly smooth families of subspaces {E{L'))L'en and 
{R{L'))L'eQ such that, for all L' e Q: 

(i) c°°(E) = £;(L')©i?(LO; 

(ii) L' preserves E{L') and R{L'); and 

(iii) the restriction of {L' - Aid) to R{L') is invertible. 

Moreover, in particular, E{L') has the same finite dimension for all L' e Q. 

This allows us to control N using weakly smooth functionals: 
Proposition 3.22 

Choose n > 1. Let p e Z' be such that N{p) = n. There exists a neighbourhood, 
C/ of p in AZ and a weakly smooth functional T : AZ R such that, for all q eU: 

{\)N{q)^N{p); and 

(ii)iV(g) = N{p) only if T{q) = 0. 

Proof: Choose p — {[i],t, h) e AZ. Let (i, Ui, Vi, £i) be a graph chart of X about [i]. We 
identify TX with Smooth, and, for all q = 8i{'~p) G Vi, we identify C°°(E) with TXq by 
identifying the function ij) e C°°(E) with the vector [^i(</?), ■^]. Denote L = C\AKp. Let 
C°° (E) = E ® Rhe the nilpotent decomposition of C°° (E) with respect to the eigenvalue 
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of L. By Proposition 3.21, there exists a neighbourhood F of L in ID02(S) such that, 
for L' e V, C°°(S) decomposes as C~(S) = E' ® R' where: 

(i) E' and R' are preserved by L'; and 

(ii) the restriction of L' to R' is invertible. 

Moreover, E' depends in a weakly smooth manner on V . In particular, for V G V , the 
multiplicity of the eigenvalue of L' is at most Dim(£") = n. We define the weakly smooth 
mapping Tq : ^ — > IR by: 

n{L')=Tr{L'\E'). 

For L' e F, if Tq{L') ^ 0, then the multiplicity of the eigenvalue of L' is at most n — 1. 
Let W CI X [0,1] X AO be a neighbourhood of p such that for all q eW: 

CiKg e V. 

Let X : 2r X [0, 1] X AC — > R be a smooth functional supported in W and equal to 1 near 
p (c.f. Appendix A.6). Define the functional T : X x [0, 1] x AO R by: 

T{p) = x{p)To{p). 

Let U CW he such that x{q) fo^' q E U. U and T are the required open set and 
weakly smooth mapping, and this completes the proof. □ 

Proposition 3.23 

For all p = {[i],t) e AZq such that N{p) ^2, if T is defined as in Proposition 3.22, 
then there exists a strong tangent vector X to AZ at p such that: 

X • T 0, X- (dat) = 0. 

Proof: Let p := ([^],^) G AZq = Zp be such that n := N{p) ^ 2. Recalling the notation 
of Section 3.1, we observe that N{p) = over Zp \ Z^ and thus p G Z'^. We identify 
C°°(E) with TX[^] = Smooth[j] by identifying the function (p G C°°(E) with the vector 

Let CiAK and >C2Ai^ be the partial linearisations of AK with respect to I and 
[0, 1] respectively, and denote £1^2^-^ = JC-iAK + C2AK. 

Denote L = CiKp. Let L* be the dual of L. Let C°°(S) = E©i? and = E*©/?* 

be the nilpotent decompositions of C°°(E) with respect to the eigenvalue of the operators 
L and L* respectively. By definition: 

E = G L2(E) I L""v? = for some m ^ l} , 
E* = G L2(S) I (L*)'"^ = for some m^l] . 

By Proposition 3.20: 

E* = R^, 
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and we identify E* with the dual space to E. Let (</>fe)i^fe^n be a basis of E and let 
(V'Oi^Kn be the dual basis of E* with respect to the pairing. Thus, for all k,l: 

(pki^idVol = 5ki. 

Recalling the construction of Section 3.1, we choose k such that Xfc = 1 near [i] and let j 
be the fc'th lifting of [i] into Simp(S, Eg), that is: 

i = h° j- 

Let dj be the signed distance in to j(E) and let ivj : E^ — > j(E) be the nearest point 
projection. Since j is an embedding, both dj and ttj are smooth near j(E). We define 
Q!fe,/3i e C°°(Ee) such that, near j(E): 

akix) = dj{x){ipk o 7rj)(a;), ^i{x) = o TTj){x) 

For all k and Z, the functions and have the following properties: 

(i) ("fe o j) = 0; 

(ii) (Vctfc) o J = ^/jfcNj, where is the unit normal vector field over j compatible with the 
orientation; and 

(i) {Pioj) = cf>i. 

For all r, s, define Qrs e C°°(Ee x E,) by: 

9rs{p,q) = I3i{p)ak{q), 

and define /i^^ := (/ir-s,!' •••)^rs,n) e C°°(Ee x E^)" by: 

, _ / fi'rs if m = A;; and 
f^rs,m - j Q otherwise. 

For a e M"-^", denote: 

n n 
r,s=l r,s=l 

For s near 0, denote Pa,s '■= {[i], t, SQa)- Since ha,k — Qa vanishes along j, Pa,s ^ ^-2^ for ciU 
s. We define the strong tangent vector Xa to AZ at p by: 

Xa := 9sPa,s|s=0 = sha)\s=0- 

We show that the desired properties for some a. As in the proof of Propositions 3.15 
and 3.16, bearing in mind that cufc vanishes over iq for all A;, for all (9, y) tangent to X x P 
at ([i],t): 

n „ 
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Since the restriction of L to £■ is nilpotent and its kernel is 1-dimensional, we may suppose 
that: 

L(f)k+i = 4'k for all k < Lcpi = 0, 

and we may thus assume that = Choose a such that aki = Skn^in- Let T be defined 
as in Proposition 3.22. Observe that, for all s, the operator £i^2Ai^p^^ preserves both E 
and R. Thus, for all s: 

T{pa,s) =To(>CiAKp„,J =s 

{dsT){p) =1 ^0. 

Moreover, since n ^ 2: 
Thus, for all s: 

£i,2Ai^p,., ■ (v?, 0) = £i,2AXp ■ 0) = 0. 

By Lemma A. 8, ((^, 0) is thus a strong tangent vector to /S.Zgh^ at Pa,s for all s. We thus 
extend cr to a weakly smooth functional over such that, for all s, Pa,s is the base point 
of the path length parametrisation. In other words: 

C^(Pa,s) = 0. 
Since ||<^|| = 1, by definition of cr, for all s: 

L>cTp„_^(vP,0) = l. 

In other words da = (v', 0), and so: 

{dat){Pa,s) =OforaUs 
{dsdat){p) =0. 

Thus: 

Xa-T =d,T ^0 
Xa-{dat) =dsdat =0. 

This completes the proof. □ 

Define the equivalence relation ~ over 

by: 

~ (x2,?/2) ^ Xi = ±X2. 

Given T as constructed in Proposition 3.22, we define the weakly smooth functional P : 
AZ — >■ R/ ~ as follows: choose z = {i,t,h) e AZ. Let a : AZ^ — >■ R be a path length 
parametrisation. Define /3{z) e R^/ ~ by: 

/3{z) = {dat,T), 

where t : X x [0, 1] x AO — )■ R is projection onto the second factor. /3 is independant of 

the orientations and base points chosen. It is thus a well defined functional from AZ into 
M?/ ~ which is trivially weakly smooth. Let U be as in Proposition 3.22. If g G AZdU, 
then N{q) ^ N(j)), with equality only if /3(g) = 0. Moreover, by reducing U if necessary, 
by Propositions 3.15 and 3.23, we may assume that is surjective at every point of 

Aznunp-'^{{0}). 
Proposition 3.24 

After reducing AO if necessary, the set of all points h e AO such that N{f,h) ^ 1 
is open and dense. 
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Proof: By Proposition 3.19, N is upper semi- continuous, and this set is therefore open. 
Choose h G AO such that N{h) ^ 2. Since An is proper, AZ^ is compact. Thus, by the 
preceeding discussion, there exists a finite family (t//)i^/^rn C X x [0, 1] x AO of open sets, 
and, for each /, a weakly smooth functional /5; : AZ — )■ M such that: 

(i) AZh C f/i U ... U Um; and 
for all I: 

(ii) D^/ is surjective at every point of Ui fl and 

(iii) for all q e t/^, N{q) ^ N{f,h), with equality only if = 0. 

Since Att is proper, there exists a neighbourhood, V of h in AO such that for all h' e V: 

AZh' Q UiU...UUm. 

Let Y = {0} be the 0-dimensional manifold consisting of one element. For h' e V, define 
Qh' '■ Y — >■ AO by Qh'i^) = h'. Suppose that Q{h') is transverse to the restriction of Att 
to l3f^nUi for aU I. We claim that N{h') ^ N{h) - 1. Indeed, by Proposition A.IO, for 
each I: 

Uin(3r\{o})nAZh' = 0, 

since otherwise it would be a smooth embedded submanifold of dimension —1, which is 
absurd. However, for q e AZh', by definition N{q) ^ N{h) with equality only if /3i{q) = 
for all k, and the assertion follows. 

We claim that the set of all points {h') e V such that Qh' is transverse to the restriction 
of Att to (5^^{{0}) (lUi for all I is dense. Observe first that, for all /, the restriction of 
Ayr to the closure of Ui H AZ is proper. We thus say that it is relatively proper, and the 
Sard-Smale Theorem (Theorem A. 12) readily adapts to this setting. Thus, for all /, there 
exists an open dense subset Vi C V such that, for all h' e VJ, Gh' is transverse to the 
restriction of Att to Pf^ ({0}) n Ui. The intersection Vi fl ... fl is thus the required dense 
subset of V, and the assertion follows. 

There therefore exists h' e AO, as close to h as we wish, such that N{h') ^ N(h) — 1. By 
induction, there exists h' G O' as close to h as we wish such that N(h') ^ 1. It follows 
that A'"~^({0, 1}) is dense in AO, and this completes the proof. □ 

4 - Existence Results. 

We now apply the degree theory developed in the preceeding section to prove the existence 
results given in the introduction. 

Let M := M'^'^^ be a compact, orientable, {n+ 1) -dimensional Riemannian manifold. We 
suppose that n ^ 2 (the case n = 1 having been studied by Schneider in [22] and [23]). 
Let E := E"^ be the standard n-dimensional sphere, and let B := B^~^^ be the standard 
(n + 1) -dimensional closed ball. In particular: 

E = dB. 
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We say that a smooth immersion z : E — > M is an Alexandrov embedding if and only 
if it extends to an immersion of B into M. Let Conv := Conv(E,M) C C^^^E, M) be 
the subset consisting of locally strictly convex Alexandrov embcddings. Conv is trivially 
open and Diff°°(E)-invariant and we define C C X to be the quotient of Conv by this group 
action: 

C = Conv/DifF°°(E). 

Let K be a curvature function, let O C C°°{M, ]0, oo[) be an open set of smooth, positive 
functions over M and define the solution space Z := O) QC x O by: 

Z = {{%f)\K{i) = foi}. 

Let TT : Z — > O be the projection onto the second factor. We show that under appropriate 
hypotheses on M, K and C, and after restricting C in different ways, the projection 
Ti : Z ^ O becomes a proper mapping, and so the properties of ellipticity and properness 
outlined in Section 2.1 are satisfied and our degree theory may be applied. The results of 
[28] allow us to determine the degree in these cases. Indeed, we identify R with the constant 
functions in C°°{M). Bearing in mind that within the present context all immersions in 
C are locally strictly convex, we obtain: 

Proposition 4.1 

Suppose that K is mean curvature, extrinsic curvature or special Lagrangian 
curvature. Let g be the metric on M. Suppose that for all metrics g' sufficiently 
close to g there exists C > and T > such that: 

(i) ]T,+oo[c 0\ and 

(ii) if t g]T, +oo[ and {[i],t) e Z, then Diam(E;z*£f) ^ Ct-'^. 
If TT is proper, then: 

Deg(7r) = -x(M), 
where x(M) is the Euler Characteristic of M. 

Remark: It follows from the definitions that if G Z, then, in particular, i is locally 

strictly convex. This condition turns out to play an important role in the calculation of 
the degree. Indeed, we show that under these hypotheses each locally strictly convex, 
immersed sphere of sufficiently large constant curvature is, in fact, a leaf of a foliation of 
a neighbourhood of a critical point of the scalar curvature function of M, analogous to 
the foliation constructed by Yc in [37]. We say that such spheres are of Ye type, and by 
identifying them with their corresponding critical point we obtain a formula for the degree. 
However, when the local strict convexity hypothesis is dropped, immersed spheres of large 
constant curvature are no longer necessarily of Ye type. Indeed, even in the case where 
the manifold is 3-dimensional and K is mean curvature, Pacard and Malchiodi (c.f. [17]) 
construct under general conditions immersed hyperspheres of arbitrarily large, constant 
curvature which are dumbbell shaped, and not of Ye type. In this case, the asymptotic 
behaviour is described in the recent work [16] of Laurain. It would be interesting to know 
how this affects the calculation of the degree. 
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Proof: We recall the framework of [28]. Let R be the scalar curvature function of M. 

Bearing in mind that the degree theory readily extends to a context where the metric on 
M is allowed to vary, we perturb this metric slightly and thus suppose that R is a Morse 
Function. Let Crit(i?) C M be the set of critical points of R. Theorem 1.1 of [37] readily 
extends to show that there exists e > such that for every critical point p of in M, there 
exists a nieghbourhood Up of p in M and a foliation (Sp^s)sg]o,€] of Up \ {p} such that for 
all p and for all s, the iC-curvature of Ep.s is constant and equal to (c.f. [28] and [18] 
for more details). For all p and s let ip^s : S ^ M be an immersion parametrising Ep^^. In 
particular, for alH ^ 1/e: 

{{[ip,t-iit) \ p e Cvit{R)} c Zt. 

By Property (m) and Theorem /// of [28], for sufficiently large t: 

2tQ{{[ip,t-A,t) \peCvit{R)}, 

and these two sets therefore coincide. Finally, by Theorem // of [28] , for all p and for all 
sufficiently large t, the Jacobi operator of {K,t) is non-degenerate at «p,t-i and: 

sig([V-i],i) = (-l)"sig(i?;p), 

where sig{R;p) is the signature of the critical point p of R. Choosing t sufficiently large, 
and using classical Morse Theory, we thus obtain: 

Deg(7r) = (-l)'^ = (-1)"X(M), 

peCrit(Jt) 

where xi^) is the Euler Characteristic of M. Since xi^) = when n = Dim(M) — 1 is 
even the result follows. □ 

4.1 Prescribed Mean Curvature. 
Let K := H he mean curvature. Thus: 

K(Ai, A„) = iy(Ai, A„) = -(Ai + ... + A„). 

n 

We say that a locally strictly convex immersion i : E — )■ M is pointwise 1/2-pinched if 
and only if for every p & S if < Xi ^ ... ^ A„ are the principal curvatures of i at p, then: 

Xi> ^{Xi + ... + Xn) = lHii)ip). 

We denote by Convi/2 C Conv C C^^iJ^, M) the set of locally strictly convex, pointwise 
1/2-pinched Alexandrov embeddings from E into M. This set is trivially open and invariant 
under the action of Diff^(E) and we define C1/2 C C to be its quotient under this group 
action: 

Ci/2 = Convi/2/Diff~(S). 
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Let R and V-R be the Riemann curvature tensor of M and its covariant derivative respec- 
tively and let ||i?|| and ||V-R|| be their respective operator norms. In other words: 



\\R\\ = Sup {-R(ei, 62, 63, 64) I e/c G TM & \\ek\\ — 1 V/c} ; and 
\\VR\\ =Sup{(Vi?)(ei,e2,e3,e4;e5) | e TM & ||efc|| = 1 V/c} . 

We define Hq := i^olM) ^ by: 

i^o = 4Max(||i?f ||Vi?f /^). 

We identify M with the constant functions in C°°(M) and thus consider the interval 
]Ho, +00 [ as a subset of C°°(M). We define the neighbourhood O of]Ho, +00 [ in C°°{M) 
by: 



Theorem 1.1 

For generic f eO, the algebraic number of locally strictly convex, pointwise 1/2- 
pinched, Alexandrov ennbedded hyperspheres in M of prescribed mean curvature 
equal to / is equal to -x(^), where x(^) 's the Euler Characteristic of M. 

The remainder of this subsection is devoted to proving Theorem 1.1. Bearing in mind The- 
orems 2.10 and 3.14, we achcivc this by proving the properness of n. The main ingredient 
is the following highly technical lemma which is of independant interest. We provisionally 
return to the general framework where K is any elliptic curvature function. We recall 
that K is given by a smooth function acting on the space of positive definite, symmetric 
matrices which is invariant under the action of 0{n). Let DK be the derivative of K. Let 
A be a positive definite, symmetric matrix and let B be the gradient of K at A. In other 
words, for any other symmetric matrix M: 



It follows from the ellipticity of K that B is positive definite and from the 0(n)-invariance 
of K that A and B commute (c.f. [31] for details). Let Ai,...,A^ and be the 

eigenvalues of A and B respectively with respect to some orthonormal basis of eigenvectors. 
We define the K-Laplacian : C°°(S) ^ C~(S) by: 




2i/2 = {(W,/) I Hii) = foi}. 



Let 7T : Zi/2 ^ O he the projection onto the second factor. We obtain: 



DKa{M) = {B, M) = Tr(5M). 



n 



k=l 
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In addition, we require a weak notion of differential inequalities: for continuous functions 

i^jifj E C'^(E), wc say that A^Lp ^ ifj in the weak sense if and only if for all p G S there 
exists a neighbourhood U of p in M and a smooth function ^ e C°°{U) such that (fi ^ ^, 
^{P) = ^{P) and: 

(A^O(P)^V'(P)- 

We now state the result: 
Lemma 4.2 

Choose / e C°°{M) and suppose that the JC-curvature of S is prescribed at every 
point by /. Then, throughout S, in the weak sense: 

A ^ f;nn -^n 

where u denotes the direction normal to the immersion, R is the Riemann curva- 
ture tensor of M and Vi? is its covariant derivative. 

In the case where K = H \s mean curvature, the same inequality holds in the 
reverse sense for the K-Laplacian of Ai. 

Remark: Bearing in mind the Maximum Principle, a priori bounds follow by determining 
under which conditions the term on the right hand side in the above expression is positive. 
The behaviour of this term depends on the structure of K, but 4 important features stand 
out: 

(i) the first two terms, involving the derivatives of /, do not qualitatively affect the 
expression when / is C^-close to a constant function; 

(ii) the third and fourth terms do not qualitatively affect the expression when X]r=i is 
bounded, as in the case of mean curvature, but they do when it is unbounded; 

(iii) when the ambient manifold is pointwise 1/2-pinched, the fifth term provides a strong 
positive contribution which may cancel the preceeding terms; 

(iv) in all cases studied below, the sixth term, which is the only non-linear term in A^, 
provides a strong positive contribution which may also cancel the preceeding terms. 

Proof: This follows by taking the second derivative of the shape operator of i and applying 
the appropriate commutation relations to the derivatives. See the proof of Proposition 6.6 
of [27] for details. □ 

We now return to the specific case of this section, where K = H is mean curvature. We 
first show that no element of Z1/2 is a multiple cover: 

Proposition 4.3 

If {[i],f) e 2:1/2, then [i] is not a multiple cover. 
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Remark: we use the mean curvature flow as studied by Huisken in [11]. The alert reader 
will notice that although the hypotheses of Huisken's result are stated in terms of the norm 
of V-R, it is not explicit which norm he actually uses. However, closer examination of [11], 
in particular of lines 11 to 14 on p472 in the proof of Theorem 4.2, shows that Huisken's 
result is valid for the operator norm of Vi?, as defined above. 

Proof: We denote K = \\R\\ and L = ||V-R||. Observe that K is an upper bound for the 
absolute value of the sectional curvatures of M. Let A be the shape operator of i and let 
g be the metric induced over S by i. Since {[i], /) e 2i/2'- 

H := H{i) = foi> Ho = 4Max(K^/^ L^^'^). 
Thus, since i is pointwise 1/2-pinched, we obtain: 

^ 4:Kgij + ^IGLgij. 

Denoting H = nH, we obtain: 

2 

n 

HAij ^ nKgij + —Lgij. 

H 

Observe that this is the condition given by Huisken in [11] for the existence of a unique, 
smooth mean curvature flow z : S x [0, T[— > M such that: 

(i) iQ = i; and 

(ii) {it)te[o,T[ is asymptotic to a family of round spheres about a point in M as t — > T. 

We now deduce that Iq is simple. Indeed, assume the contrary. There exists a non-trivial 
diffeomorphism a : E — > E such that ioa = i. By uniqueness, for all t e [0, T[, itoa = it- 
However, by (ii), for t sufficiently close to T, it is embedded, and the only diffeomorphism 
a of E such that it o a = it Ss the identity. This is absurd, and the assertion follows. This 
completes the proof. □ 

We now show that the hypotheses of Proposition 4.1 are satisfied: 
Proposition 4.4 

For any metric g on M, there exists C > and T > such that: 

(i) ]T,+oo[c 0\ and 

(ii) if t > T and {[i],t) e Z, then Bia.m{E;i*g) ^ Ct-^. 

Proof: (i) is trivial for sufficiently large T. Choose t > and choose [i] G C1/2 such that 
{[i], ft) e -2^1/2- For sufficently large t, by the pointwise 1/2-pinched condition, the sectional 
curvature of i is bounded below by t^/4. Its intrinsic diameter is therefore bounded above 
by 2/t. (ii) follows and this completes the proof. □ 

It remains to prove properness: 

Proposition 4.5 

The projection tt -. Z ^ O '\s a proper nnapping. 
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Proof: Let {fm)mef^i fo^Ohe such that (/m)meN converges to /o in the C°° sense, and 
let ([im])meN £ Ci/2 be such that, for all m, the mean curvature of im is prescribed at 
every point by the function We first show that there exists iq : "E M towards which 
(^m)neN subconverges in the sense modulo reparametrisation. Indeed, choose e > 
such that: 

/oV4> ||i?||+2e. 
Choose m e N sufficiently large such that: 

/^/4>||i2||+e. 

Choose p e T, and let < Ai ^ ... ^ An be the principal curvatures of im at p. By 
definition: 

Al ^ frnf^- 

Thus, for all 

\i\j>Xl> fl/A> \\R\\+e. 

It follows that the sectional curvature of is bounded below by e, and so by classical 
comparison theory its intrinsic diameter is bounded above by e~^/^. By strict convexity, 
the norm of the shape operator is bounded above by the mean curvature and uniform 
bounds for this norm follow immediately. We thus conclude by the Arzela-Ascoli Theorem 
for immersed hypersurfaces (c.f. [26]) and elliptic regularity that there exists a smooth, 
locally convex immersion zq : S — )■ M towards which {im)m& subconverges in the C°° 
sense modulo reparametrisation. This proves the assertion. 

It remains to show that i := io E Convi/2- Suppose the contrary. By rescaling the metric 
of the ambiant manifold by a constant factor A = (i7o/4)^, we may suppose that: 

Max(||i?||i/M|Vi?||^/3) = 1. 

We henceforth work with respect to the rescaled metric. Observe that this has the effect 
of rescaling the mean curvature of z by 1/A = ^/Hq. In particular, the mean curvature of 
i is now prescribed by / := Af /Hq. Trivially: 

/>4, ||Hess(/)||<12n/(3n-2). 

Let A be the shape operator of i, let < Ai ^ ... ^ A^ be the principal ciuvaturcs of i. 
Let p e 5 be a point where Ai// is minimised. Since z is a limit point of Convi/2: Ai is 
equal to //2 at p. Assume first that Ai is smooth near p, and consider the Laplacian of 
Al// at p: 

1 2 
A(Ai//) = -^(/AAi - AiA/) - 5](Ai//);fc/;,. 

/ / fe=i 

Since Ai// is minimised at p, V(Ai//) = 0, and so: 

A(Ai//) = i(/AAi-AiA/). 
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The Hessian of the restriction of / to z(E) is given by: 

Hess^(/)ij = Hess(/)y - f-^^Aij, 

where the index u denotes the unit direction normal to the immersion i at p. The Laplacian 
at p of the restriction of / to is thus given by: 

n n n 

k=l fc=l fc=l 

Since DK := B = (l/n)Id, = ... — jJ^n — 1/?^ and = (l/n)A. Thus, combining the 
above relations with Lemma 4.2, we obtain: 

/2A(Ai//) ^ n/7;n - Ai ELi 

+/ Z]fe=l(V-Rfeli/l;i + V-Rfeli,fc;l) 

+2/ Z^fe^i -Rfciife(Ai - Afc) + / Ylik=i AiAfe(Ai - Afc), 
Since Ai = //2, and bearing in mind the bound on Hess(/), we obtain: 

Of \ n (2n— 1)/ n f -ir^n t 

njj;ii - Ai 2^k=i J;kk = — 2 — ~ 2 Z^fe=2 J;kk 

(3n-2)/| 



^ i£!iz£i/||Hess(/)|| 
< 6n/. 



Since Afc ^ for all k and since ^ 1: 



/ Sfc=i (Afe-Rii^i/i — ^iRkvvk) ^ / Z]fc=i (Ai + Aj) 

= f{n\i + nff) 
= (3n/2)/2_ 

Since Aj — Ai ^ for all i and since ||i?|| ^ 1: 

2/Sfe=i -Rfeiife(Ai - Afe) ^ '^fYj'k=ii^k - Ai) 

= 2n/(iy-Ai) 
= nf\ 

Using Lagrange Multipliers and convexity, since Ai = //2, we readily show that: 



^ (2n-l)(3n-2) .,^n/ 
^A,(A,-Ai)^ ^^^^3^^ / >^ 

k=2 ^ ' 

Combining these relations we obtain: 



(/7n)AAi < 6 + ^/ - 1/^ 



46 



Degree Theory 



Since / > 4, AAi < at this point, which is absurd by the Maximum Principal, and it 

follows that iQ G Convi/2- The case where Ai is not smooth follows similarly, since Lemma 
4.2 is valid in the weak sense even when the function ip is only continuous. This completes 
the proof. □ 

We now prove Theorem 1.1: 

Proof of Theorem 1.1: By Proposition 4.3, ^1/2 ^ Csinip^i/2 x O, where Csimp,i/2 = 
consists of those immersions in C1/2 which are simple. By Proposition 4.5, the 
projection tt : 2^1/2 ^ C is proper and so, by Theorems 2.10 and 3.14, Deg(7r) is well 
defined. By Proposition 4.4, the hypotheses of Proposition 4.1 are satisfied, and it follows 
that Deg(7r) = — x(Af), where xi^) is the Euler characteristic of M. This completes the 
proof. □ 

4.2 Extrinsic Curvature of Hyperspheres. 
Let K be (the n'th root of) the extrinsic curvature. Thus: 

ir(Ai,...,An) = (Ai-...-An)V-. 

We now restrict the geometry of the ambient space. We say that M is 1/4-pinched if and 
only if: 

(TMax(M) < 4(TMin(M), 

where crMaxiM) and crMin{M) are the maximum and minimum values respectively of the 
scalar curvatures of planes tangent to M. We say that M is pointwise 1/2-pinched if and 
only if: 

crMax(M;p) < 2(7Min(M;p), 

for all p E M where o'M&:x.{M;p) and aMin{M;p) are the maximum and minimum values 
respectively of the scalar curvatures of planes tangent to M at p. We now suppose that 
M is both 1/4-pinched and pointwise 1/2-pinched. The 1/4-pinched condition is not 
strictly speaking necessary (c.f. our subsequent paper [21]). It is imposed merely in 
order to exclude multiply covered immersed immersions. Under these hypotheses, M is 
diffeomorphic to the standard sphere. Indeed, this follows immediately from the 1/4- 
pinched condition, but also follows from the pointwise 1/2-pinched condition even when 
the 1/4-pinched condition is dropped (we refer the reader to [2] for a discussion of these 
facts). 

We denote by Convemb ^ Conv C C^^{'E, M) the set of strictly convex embeddings from 
S into M which bound an open set. This set is trivially open and Diff°°(S)-invariant, and 
we define Cemb C C to be its quotient under this group action: 

Ce^b = Conve„,b/Diff°°(E). 

Let O C C°°(M, ]0, oo[) be the set of all smooth, strictly positive functions over M and 
define the solution space Z^mb '■— ZemhiK; O) C Cemb x O by: 

-Zemb = {(W,/) I K{[l\) = foi}. 
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Let TT : -Eemb — > C be projection onto the second factor. We obtain: 
Theorem 1.2 

Suppose that M is both l/4-pinched and pointwise l/2-pinched. Then, for generic 
/ e C, the algebraic nunnber of locally strictly convex ennbedded hyperspheres of 
prescribed extrinsic curvature equal to / is equal to -x(^) where x(^) 's the 
Euler Characteristic of M. 

The remainder of this subsection is devoted to proving Theorem 1.2. We first bound the 
shape operator of immersions in -Eemb^ 

Proposition 4.6 

Choose {[i],f) e Zemh- There exists A := A{s,t), which only depends on M such 
that if: 

\\D^f\\/f < inf (2aMin(p) - fTMax(p))/2, 

pEM 

then, if Ai is the shape operator of i, then, throughout S: 

II^^IK /A(r Mii^Viir')- 

Moreover A(s, t) tends to 1 as (s, t) tends to 0. 

Remark: Observe that the hypotheses of this proposition are trivially satisfied when / is 
positive and constant. 

Proof: Denote 6 — (2a"Min — CTMax)- Choose e > such that a"Max + e < 2a"Min- We define 
A{s,t) by: 

A(s, t) = Max(4|| Vi?||s/5, l + nt + n\\R\\s) 

Let p e S be the point maximising Let L = \\A\\/ f ^ 1 be the value that this 

function takes at p. We claim that if \\D'^f\\/f < 5/2, then L ^ A{f-\\\D'^ f\\f-'^). 
Indeed, assume the contrary. Let < Ai ^ ... ^ A„ = L/ be the eigenvalues of A^ at p. 
Assume first that is smooth near p, and consider the K-Laplacian of A^// at p: 

1 2 " 

A^(A„//) = :^(/A^An - A„A^/) - -jJ2^'k{K/f);kf;k. 

•' •' fe=i 

Since Xn/ f is maximised at p, V{Xn/ f) — 0, and so: 

A^'lAn//) = -^(/A^A, - A„A^/). 

The Hessian of the restriction of / to E is given by: 

Hess^(/) = Hess(/) - f.,,A,, 
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where the subscript u denotes the direction normal to the immersion R. In this case: 

B:=DK = -KA-^. 
n 

Thus, for all 1 ^ /c ^ n, /Xfc = f/{nXi). The K-Laplacian of the restriction of / to S is 
thus given by: 



1 

^^f = ^ -^ff;kk - ff;v 



Thus, by Lemma 4.2: 



pA^{Xn/f) ^ ff;nn — XnJ2k=lTIX^ff;kk 

knun\k ~l" ^ Rknuk;n) 
~iP /^)jyk=l "^k i^nRki'i^k — ^kR nwn I 

+2{f/n) ELl >^k'Rknnk{Xn - Afc) + {f /n) ELl ^n(An - Afc). 

Then: 

pA^iXJf) > -/PVII - L\\D^f\\{Pln) Yl=, i - 2{p/n)\\VR\\ ELi 
-2p\\R\\ + 5L{f/n) YTk^i + L{f/^) Ek=ii^n - Xk)- 

Thus, since / > 2110"^ f\\/S and L > A\\VR\\/5f, we obtain: 

n 

fA^iXJf) ^ -/IpVll - V'\\R\\ + L{f/n) J2{Xn - Xk). 

k=l 

Since Ai < / and bearing in mind that L ^ 1, this yields, in particular 

fA^{Xn/f) > -(/IPVII + 2/^||i?||) + L{L - 1)(/Vn) 
^-if\\D'f\\ + 2f\\R\\) + iL-l)if/n). 

Thus, if L > (1 + n\\D^f\\/p + 2n\\R\\f-^), then: 

f A^(A„//) > 0. 

This is absurd by the maximum principal, and the result follows in the case where An is 
smooth near p. The case where A^ is not smooth near p follows similarly, since Lemma 
4.2 remains valid in the weak sense even when the function (p is only continuous. This 

completes the proof. □ 

We refine Proposition 4.6 for small / to obtain: 
Proposition 4.7 

Choose ([i],/) e Zemh- There exists A := A{r,s,t), which only depends on M such 
that if Ai is the shape operator of i, then, throughout E: 

P,||^A(||/||,||D/||,||Hess(/)||). 
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Proof: Let p E T, he the point maximising ||^||. Let < Ai ^ ... ^ An = ||^|| be the 
eigenvalues of A at p. Suppose first that is smooth near p. Thus, by Lemma 4.2, there 
exists C > which only depends on M and the derivatives of / up to order 2 such that: 

n n n 

^^Xn ^ -C(l + Xn + ^ Hk) - ^ l^-kiXmRkvuk — Afe-R nvvn 

) + 2 J]//fe(An - Afc)i? 

knnk- 

fe=l k=l k=l 

As before, for all k: 

f 

l^k = — 
nXk 

Thus, increasing C if necessary, and denoting S = (2crMin(p) — crMax(p)), we obtain: 

A-A„ > -cil + A„ + x: ^.-^) + ^ E 

fe=l k=l 

Since: 

(Ai-....An)^/" = /, 

the sum Yl^=i ^k^ tends to infinity as A^ tends to infinity. There therefore exists B > 
which only depends on M and the derivatives of / up to order 2 such that if An ^ -B, then 
A^An > 0. In particular, by the maximum principal An < B. The result follows in the 
case where An is smooth near p. The general case follows in the same manner since Lemma 
4.2 remains valid in the weak sense even when the function ip is only continuous. □ 

We now show that the hypotheses of Proposition 4.1 are satisfied: 

Proposition 4.8 

Let g be the metric on M. For all g' sufficiently close to g, there exists C > and 
T > such that: 

(i) ] -T,+oo[c O; and 

(ii) if t > T and {[i],t) e Z, then Diam(E;i*£?) ^ Ct'^. 

Proof: (i) is trivial. Choose t > and choose [i] G Cemb such that € 2^emb- Let Ai 

be the shape operator of i, and let < Ai ^ ... ^ An be its eigenvalues. Choose A > 1. By 
Proposition 4.6, there exists T > such that for t > T: 

An = \\A^\\ < A/. 

Since K{i) = Det(A,)i/" = /, this yields: 

Ai > /A^-. 

And so, for all 1 ^ z, j ^ rt: 

A,A,>/'a2(i-"). 

Increasing T if necessary, we deduce that the sectional curvature of i*g is bounded below 
by t^/4A^'-^~"^-' and its intrinsic diameter is therefore bounded above by 2A^~'^/t. (ii) now 
follows with C = 2A^~'^, and this completes the proof. □ 

Properness also follows readily: 

Proposition 4.9 

The projection tt : Zemb ^ C is a proper nnapping. 
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Proof: Let (/m)meN5 fo & O he such that (/m)meN converges to /o in the C°° sense, and 
let ([«m])m6N ^ Cemh be such that, for all m, i„j has prescribed extrinsic curvature equal 
to fjn- Proposition 4.7 yields a uniform upper bound for the norms of the shape operators 
of the (im)meN- Since, for all m, the determinant of the shape operator of im is equal to 
ifm)^, we also obtain uniform lower bounds for the principal curvatures of the {im)n&n- 
Thus, since the ambient space has positive sectional curvature, we obtain lower bounds for 
the sectional curvatures of the metrics generated over E by the {im)me'H ^ind this in turn 
yields uniform upper bounds for the intrinsic diameters of the {im)meN- It now follows by 
the Arzela-Ascoli Theorem for immersed hypersurfaces (c.f. [26]) and elliptic regularity 
that there exists a locally strictly convex immersion zq G Convemb towards which (zm)mGN 
subconverges. Finally, since M is 1/4-pinched it follows by [7] that iq is embedded, and 
this completes the proof. □ 

We now prove Theorem 1.2: 

Proof of Theorem 1.2: Since all immersions in 2^emb are embedded, they are trivially 

simple. By Proposition 4.9, the projection it : Z1/2 ^ O is proper and so, by Theorems 
2.10 and 3.14, Deg(7r) is well defined. By Proposition 4.8, the hypotheses of Proposition 4.1 
are satisfied, and it follows that Deg(7r) = — x(M), where x(M) is the Euler characteristic 
of M. This completes the proof. □ 

4.3 Special Lagrangian Curvature. 

Let K be special Lagrangian curvature (c.f. [29]). Thus: 

K{Xi, An) = Re{Xi, An). 

We recall that special Lagrangian curvature depends on an angle parameter 9 G [0, ?i7r/2[. 
Moreover, when 9 E [{n — l)7r/2, mv/2[, it is convex and possesses strong regularity proper- 
ties described in detail in [29]. Of particular interest is the case when 9 = (n — l)7r/2, since 
it is here that the special Lagrangian curvature has the simplest expression. For example, 
when n = 3 and 9 = tt: 

= (K/H)^/^ = (AiA2A3/(Ai + A2 + Ag))^/". 

We now suppose only that M has strictly positive sectional curvature and is 1/4-pinched. 
As before, the 1/4-pinched condition is not strictly speaking necessary (c.f. our subsequent 
paper [21]) and is merely imposed in order to exclude multiply covered immersions. 

As before, let ConVemb ^ Conv be the set of strictly convex embeddings of E into M which 
bound an open set, let Cemb Q C he its quotient under the action of T>iS°°{M) and let 
O C C°°{M, ]0, oo[) be the set of all smooth, strictly positive functions over M and define 
the solution space Z^mh '■= -2emb(-f^; O) C Cemb X ^ by: 

Zemb^mj) I K{[i]) = foi}. 

Let TT : 2^emb — > C be projection onto the second factor. We obtain: 
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Theorem 1.3 

Suppose that n ^ 3 and M is l/4-pinched. Then, for generic f eO, the algebraic 
number of locally strictly convex, embedded hypersurfaces of prescribed special 
Lagrangian curvature equal to / is equal to -x{M), where x{M) is the Euler 
Characteristic of M. 

The remainder of this subsection is devoted to proving Theorem 1.3. 
Proposition 4.10 

Let g be the metric on M. Suppose that 6 > (n-l)7r/2. Then, for all g' sufficiently 
close to g, there exists C > and T > such that: 

(i) ]T,+oo[c O; and 

(ii) if t > T and e Z, then Diam(E;i*£?) ^ Cf-^. 

Proof: (i) is trivial. Since 6 > {n — 1)tt/2, by Lemma 2.2 of [30], there exists e > such 
that, for all < Ai ^ ... ^ A^: 

Ai ^ eRo{Xi, A„). 

Thus, for sufficiently large t, the sectional curvature of i*g is everywhere bounded below by 
and so its intrinsic diameter is bounded above by 2/t. (ii) follows and this completes 
the proof □ 

We now prove properness: 
Lemma 4.11 

If n ^ 3 and 9 ^ {n- l)7r/2, then the projection tt : Z ^ O \s b proper mapping. 

Proof: Let {fm)mef-h /o £ ^ be such that (/m)m6N converges to /q. For all m, let [im] G 
^^emb have prescribed i?e-curvature equal to fm- Since the sectional curvature of M is 
bounded below by e, say, and since im is locally strictly convex, the sectional curvature of 
i^g is also bounded below by e, and its intrinsic diameter is therefore bounded above by 
e"^/^. Let UM C TM be the bundle of unit vectors over M. For aU m, let : S UM 
be the outward pointing unit normal vector field over i^, and let Am be its shape operator. 
For all m G N, let Pm G E be the point maximising the norm of Am- Consider the sequence 
(E, i^m:Pm)mef^ of Complete, pointed immersed submanifolds of UM. By Theorem 1.4 of 
[29] there exists a complete, pointed immersed submanifold, (5]o,jo,Po) of UM towards 
which (S, f^miPm)mefi subconverges in the C°°-Cheeger/Gromov sense. 

Suppose first that 9 > {n — 1)tt/2. Let tt : t/M — > M be the canonical projection. 
By Theorem 1.3 of [29], tt o jq is an immersion. In particular, {Am{Pm))men converges 
towards the shape operator of (tt o jo)(po) and is therefore bounded. Now suppose that 
9 = {n — l)n/2. If TT o Jo is an immersion, then we conclude as before that {Am{Pm))mef^ is 
bounded. Otherwise, by Theorem 1.3 of [29], there exists a complete geodesic F C M such 
that {Tio,jo,Po) is a covering of the sphere bundle of unit, normal vectors over F. Since 
n ^ 3, the fibres are spheres of dimension at least 2 and are therefore simply connected. 
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Thus, since the diameter of (E, ^m,Pm)m&n is uniformly bounded above, F is closed and 
this covering is finite. In particular Eq is compact and diffemorphic to x S'^~^. However, 
since the limit is compact, it follows from the definition of Cheeger/Gromov convergence 
that Eo is also diffeomorphic to E = S"^. This is absurd, and we thus exclude the possibility 
that (tt o jq) is not an immersion. 

We conclude that the norms of the shape operators of the {im)men are uniformly bounded 
above, and since their intrinsic diameters are also uniformly bounded above, the Arzela- 
Ascoli Theorem for immersed submanifolds (c.f. [26]), implies the existence of an immer- 
sion tQ : S ^ M towards which {im)me'M subconverges after reparametrisation. Trivially 
io is locally strictly convex and of prescribed J?5i-curvature equal to /q. Finally, since M 
is 1/4- pinched, it follows from [7] that io is embedded and bounds an open set, and this 
completes the proof. □ 

We now prove Theorem 1.3: 

Proof of Theorem 1.3: Since all immersions in ^emb are embedded, they are trivially 
simple. By Proposition 4.11, the projection n : Z^^ih O is proper and so, by Theorems 
2.10 and 3.14, Deg(7r) is well defined. By Proposition 4.10, the hypotheses of Proposi- 
tion 4.1 are satisfied, and it follows that Deg(7r) = —x{M), where x{^) is the Euler 
characteristic of M. This completes the proof. □ 



5 - Extrinsic Curvature. 



5.1 The Framework. 

We now consider locally strictly convex, 2-dimensional spheres immersed inside compact, 3- 
dimensional manifolds. Let M := be a compact, orientable, 3-dimensional Riemannian 
manifold. Let E := S'^ be the 2-dimensional sphere. Let K denote (the square root of) 
the extrinsic curvature. Thus: 

i^(Ai,A2)=Ke(Ai,A2) := (A1A2)'/'. 

Let T be the trace-free Ricci curvature tensor of M. Define (Jy^^^ (M) by: 

^Min = pgf^Min(a(P),0), 

where P ranges over all tangent planes in TM and (j{P) is the sectional curvature of P. 
We define Kq by: 

1 
2 



^0 = kMinl + VkMinI +11^110 



where \\T\\o is the operator norm of T when viewed as an endomorphism of TM. 

Remark: Observe that Kq ^ |c"Min|- Moreover, when M has non- negative sectional curva- 
ture, this simplifies to Kq = ||T||o/2. In addition Kq = ii and only if M is a space form 
of non-negative curvature. 
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Let Conv := Conv(E, M) C C^^{T,, M) be the subset consisting of locally strictly convex 
immersions, this set is trivially open and Diff°°(S)-invariant, and we define C C X to be 
its quotient under this group action: 

C = Conv/Diff~(S). 

We define O C C~(M,]0, oo[) by: 

/ > Kq; and 1 
\\df\? < 4^2/4-2|a-,J/2+||T||y2 - \\T\\o. ] ' 

Remark: Identifying M with the constant functions in C°°(M), we see that ]Kq, +oo[C O. 
Observe moreover that the quantity on the right hand side of the inequality for 
grows quadratically with the size of / as / tends to +00. In addition, it follows from the 
definition of Kq that this quantity is always positive for / > Kq. 

We define the solution space Z <ZC x O by: 

z = mj)\K{[i]) = foi}. 

Let TT : Z — > O be the projection onto the second factor. We obtain: 
Theorem 1.4 

For generic f e O, the algebraic number of locally strictly convex, immersed 
spheres in M of prescribed extrinsic curvature equal to / is equal to 0. 

Remark: This theorem requires a much deeper compactness result than that underlying 
the previous three theorems. 

The remainder of this section is devoted to proving Theorem 1.4. 
5.2 Basic Relations in Riemannian Manifolds. 

We consider briefly a more general framework. Let S := E"^ be an n-dimensional Rieman- 
nian manifold. Let g, V, R, Ric be the metric, the Levi-Civita covariant derivative and 
Riemannian and Ricci curvatures of E respectively. Let p be a point in S, and let (ei, e^) 
be an orthonormal basis for TpS. Here and in the sequel, we adopt the convention: 

Reiei^k = Riik^i, Ricife = —Rijk\ Seal = -Ric/. 

(n — Ij n 

Remark: With this convention, the Ricci and scalar curvatures of the unit sphere in (n+l)- 
dimensional Euclidean space are equal to 5ij and 1 respectively. 

We use here a semi-colon to denote covariant differentiation with respect to V. Thus, for 
example, if T = T^- is a (0, 2)-tensor, then: 

Tir,k = (VT)(e,,e,;efe) = (Ve,T)(ei, e,). 
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Let V' be another covariant derivative over S. We define the relative Christophel 
tensor of V' with respect to V by: 

Let R' be the Riemannian curvature tensor of V'. 
Proposition 5.1 
R' is given by: 

^ijk — ^ijk ~r J' jk;i ^' ik;i ~r im^' jk ^' jra^^ ik- 

Proof: This is a direct calculation. □ 

Let ^ be a positive definite, symmetric matrix over E. Let g"^ be the metric over E defined 
by A. Thus, for all X,Y e TE: 

{X,Y)^^g^{X,Y) = {X,AY). 

Let V"^ be the Levi-Civita covariant derivative of g"^. 
Proposition 5.2 

The relative Christophel tensor of with respect to V is given by: 

^''ij = -B ^(Api-j + Apj-i — Aij-p), 

where S'-' is the inverse matrix of Aij. 
Proof: This follows from the Koszul formula. □ 

5.3 Basic Relations in Hypersur faces. 

Let M :— M'^^^ be an (n + l)-dimensional Riemannian manifold. Let 'g and R be respec- 
tively the metric and the Riemannian curvature tensor of M. Let E := E" be a compact, 
n-dimensional manifold, and let i : E — > M be locally strictly convex, immersion. Here 

and in the sequel, we use a semi-colon to denote covariant differentiation with respect to 
the Levi-Civita covariant derivative of i*'g. Let A be the shape operator of i. Since i is 
locally strictly convex, A is positive definite, and thus defines a metric over S. 

Proposition 5.3 

Aij-^k is synnnnetric in the first two terms, and: 

Aij-^k — Ajjj-i -\- Rkii/ji 

where v is the unit outward pointing normal vector of E. 
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Proof: The first assertion follows from the symmetry of A, which is preserved by covariant 
differentiation. Let N be the unit outward pointing, unit, normal vector field over i. Choose 
p e S and let X, y and Z be vector fields over E which are parallel at p. At p: 
{VzA){X,Y) ^{{VzA)X,Y) 

= (VzVxN-Vv,xN,r) 

= {Rzx^ + VxVzN - Vv^zN,y) 

= {Rzxf^,Y) + {WxA){Z,Y). 

This proves the second assertion, which completes the proof. □ 

Let V be the Levi-Civita covariant derivative of g := i*g over S, and let V"^ be the 
Levi-Civita covariant derivative of the metric g{A-, •). 

Proposition 5.4 

If Q'^ij is the relative Christophel tensor of V with respect to V^, then: 

where u is the unit, outward pointing normal vector of i. 

Proof: Let il be the relative Christophel tensor of V"^ with respect to V. By Proposition 
5.2: ^ 

Thus, by Proposition 5.3: 

ij — 2^ ^ ^'^pi\j ^~ Rijvp Rpjui) 
= ^(^Api-j + Rijvp ~l" Rjpvi^- 

Thus, by the first Bianchi identity: 

^ij ~ 2^ ^(^p»;j ~ Rpivj)- 

Finally: 

n = - V = -(V - V^) = -VL. 
This completes the proof. □ 

5.4 Differential Formula, for Curvature. 

Let /i : M — )■ R be a smooth function. We now suppose that the extrinsic curvature of i is 
prescribed by e'^/^. In other words: 

Det(A) = K^{if = e^°\ 

We recall that since i is locally strictly convex, A is positive definite and thus defines a 
metric over E. We aim to determine a formula for the scalar curvature of this metric in 
terms of the Ricci curvature of the metric induced by the immersion in M. Observe that 
A is invertible. We denote its inverse by B. 

Proposition 5.5 

For all m: 

Uij A.. — U 
^ ^ij;m — '''■,m- 
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Proof: This follows by differentiating the relation Log(Det(^)) = h. H 

Let R and R"^ denote the respective curvature tensors of g := i*g and the metric g{A-, ■). 
Let Ric and Ric"* and Seal and Seal"* denote their respective Ricci and Scalar curvatures 
respectively. 

Theorem 5.6 

There exists a l-form, a over E such that, for all A > 0: 



Scal^ ^ -B^^mci, + • a - ^ ]^^,A dh\\\ - ] + ""^'^ \\R- ■ 
n 4n(n— 1) 4n(n — 1) 



where V^- is the divergence operator of V^. 

Proof: Let the subscripts ";" and "," denote covariant differentiation with respect to V 
and V"^ respectively. Let Q, be the relative Christophel tensor of V with respect to V"^. 
By Proposition 5.1: 



p I r>A ' I qI _i_ O"^ O"^ 

^ijk — ^ijk ~r ^' jk,i ^' ik,j ~r im^'' jk ^' jm^'' ik- 

We raise and lower indices using B := A~^. Thus, for all i,j: 

Aij A r>im a TX^^i A A* 

^ ^jk — -D ^mn-D ^jk — ^ k- 

Denoting k = n{n — 1), contracting then yields: 

RiCj/c — —B Rmpn' 

— Seal iS^'^ jm,n mn,j ~l~ mp^^jn ^"'jp^^mn)- 

We first claim that the second and third terms on the right hand side combine to yield an 
exact form. Indeed, by Propositions 5.4 and 5.5 and bearing in mind that B is symmetric 
and that R is antisymmetric in the first two components: 

O-^ • — - B^P(^^^ — A ■ 1 — —-h — —-h 

jm — 2 K-^^pjum ^pj\m) — 2 '"^ 2 

Likewise, bearing in mind in addition Proposition 5.3: 

T^mnQj = i Rip R'^^f'P —A ) 

— -^B^P B (^nm;p ~l" Rnpvm ~l" Rmpun) 
= -^B-^P h-p B-^^B Rmpun 

= —-B^Ph — B^PB^'^R 

We denote: 

K 
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Then: 



which when muhiphed by dVol"^ yields an exact form as asserted. We now consider the 
last two terms on the right hand side. First, using the above relation again: 



= l\\dh\\\ + ^BP^h,a, 



Finally, recall that, for all i, j and k: 

Qk,, — nk .. A. . , — A .. , 

Thus, bearing in mind Proposition 5.4: 

TjmnQj Qp . _ TjmnQi . Qj . 



— -^B P B^'^ B (j4.^j./j Rijvk){,-^pq;r ~l~ Rpqur) 



1||V7/1||2 1||"d ||2 

Combining these terms therefore yields: 

iS^^Ricife =Scal^-V^-a-3^||VAii2 



+4^ii^-.-iia + fs-^-C^n + hum 



However, for all > 0: 

1 



Recall that, for any matrix, M: 

Tr{Mf ^ nTr(MM*). 

Thus, bearing in mind that B is positive definite: 

Tr(SM)2 = Tr(Si/2MSV2)2 



^ nTT{BMBM^) 

~ n2(n-l)2 \l^i=l 
^ Y,p,q=l ApAqn(n-l)2 i^piJ^q) ■ 



Thus: 



1 

n(n — 1) 

In conclusion, taking fi = X/n{n — 1), we obtain 



-B^'RiCk ^ Scal^ - • a + -^r^Jdh\\l + ] P-.-Hi- 

4n(n-l) 4n(n - 1) 



n 

This completes the proof. □ 
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5.5 Mean Curvature Bounds. 

We now return to the case where n = 2. Thus M := is a 3-dimensional manifold and 
S := is a compact surface. 

Lemma 5.7 

If M is 3-dimensional and z : E ^ M is an imnnersed surface, then, for all A > 0: 

Scal^ ^ ScalHiB-'' + V^-a- ^-^\\dh\\l - e-^\\T{Jo-, N)||^, 

8 4 

where: 

(!) Hi is the mean curvature of the immersion i; 

(ii) T is the trace free Ricci tensor of M; 

(iii) N is the outward pointing unit normal over i; and 

(iv) Jo is the unique complex structure over E compatible with the orientation of 
E and the metric g -.= i*g. 

Proof: When E is 2-dimensional: 

Ricij = Scal^ij. 
Moreover, if Ai, A2 are the principal curvatures of i, then: 

Tr(B) = ^ + ^ = ^ = H,e-\ 

Ai A2 A1A2 

where H^, is the mean curvature of E. Finally: 

= 2e-'^||Ric(Jo-,N)||i. 
However, for all X tangent to E: 

Ric(JoX, N) = T(Jo^, N). 
Combining these relations yields the desired result. □ 

In the special case where E = is the sphere, we use the Gauss-Bonnet Theorem to 
obtain: 

Proposition 5.8 

Suppose that E is the sphere. Let i^T c o be a compact subset. There exists 
S > such that if / e K and [i] e C are such that ([i],/) e Z, then: 

/ fHidVoKB, 

where Hi is the mean curvature of the immersion i. 
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Proof: Choose f eK. We denote h = 2Log(/). Thus: 

= -Det{A) = foi = e''°\ 
Using the notation of Proposition 5.7, we obtain, for all A > 0: 

Scal^ ^ Scalif^e-'^ + • a - -^\\dh\\l - e-^||r(Jo-, N)||^, 

8 4 

Let dVol"^ be the volume form of A. Observe that dVol"* = /dVol. Since E is the sphere, 
by the Gauss-Bonnet Formula, integrating the above relation with respect to dVol"^ yields: 

^ Scaliy.idVol - ^ £ llc^/lli^dVol - ' ^ ||T( Jq-, N)||^idVol ^ Att. 

Let c(TS) be the sectional curvature of the tangent plane to We obtain: 

/ Scaliy4dVol= / {f + a{T^))H,^dVol> [ {f - \a^,^\)H,^dVol. 

Next: 

(1 + ^) /■ ,,..,,2 /(1 + A) /•„,,„2^ 1 

2 

Likewise: 

(1 + 2A-1) f..^.^ MMi2 1 n / (1 + 2A-1) 



^ ||rf/||iydVol ^ ||rf/f if^-^dVol. 



WnJo; N)||iydVol ^ il±|^ ^ ||r||^iy,-ldVol. 



4 

Combining these relations yields: 

(/^ - l-Minl f - \\\T\\l - + ^IM/f )) i^.^^dVol. 

We claim that for an appropriate choice of A > 0, the coefficient of Hi/ is strictly 
positive. Indeed, by definition of Kq, since f > Kq: 

(r-kMinl/'-^imio)>o. 

Denote: 

C(A) = ^(i||T||^ + (l + A)||d/||^). 

The function C(A) takes its minimum value over the range ]0,+oo[ at the point Aq := 
||T||o/||c(f||. At this point: 

A-C{\o)=A-\\T\\o\\df\\-\\\df\\\ 

It follows from the hypothesis on df in the definition of O that this quantity is strictly 
positive, and the assertion follows. We thus deduce from the compactness of K that there 
exists e > which only depends on K such that for all f e K: 

A - C(Ao) > ef. 

Thus, for all f E K: 

fHidVol ^ — =:B. 



L 



This completes the proof. □ 
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5.6 Convergence and Compactness. 

Let M := M('^+-^) be an (n + l)-dimensional, oriented, Riemannian manifold. A complete 
pointed immersed submanifold is a pair {S,p) := ((E,z),p) where S := is a 

complete, isomctrically immersed submanifold and p is a point in E. Let {S, p) := ((E, i),p) 
and {S'jP') := ((E', i'),p') be two pointed immersed submanifolds. For i? > 0, we say that 
[S' ,p') is a graph over {S,p) over radius R if and only if there exists: 

(i) a mapping a : Bji{p) — )■ E' which is a diffeomorphism onto its image; and 

(ii) a smooth, normal vector field X e i*TM over Bji{po) C E; 
such that: 

(i) a(p) = p'; and 

(ii) for all p G Bji{p): 

(z'oa)(p)=Exp(X(p)). 

We call the pair {a,X) a graph reparametrisation of {S' ,p') with respect to {S,p) 
over radius R. Let {Sn,Pn)nen = ((E^, ^n),Pn)n6N be a sequence of pointed, immersed 
submanifolds in M. If (5'o,po) = ((Eq, ^0)5^0) is another pointed, immersed submanifold, 
then we say that (5'^,Pn)n6N converges towards (5'o,po) if and only if for all i? > 0, there 
exist z/ G N such that: 

(i) for all 71 ^ z/, {Sn,Pn) is a graph over {Sq,po) over the radius R; and 

(ii) if, for all n ^ z/, (a^,Xn) is a graph reparametrisation of (SmPn) with respect to 
(5*0, Po) over the radius R, then (XTj)neN converges to in the sense over B]^{p). 

Remark: We see that if (X^)^^^ converges to in the sense over Bji{p) for one choice 
of graph reparametrisations of (<$'„,, Pn)neN with respect to {So,po), then it does so for 
every choice of graph reparametrisations. 

We underline the following trivial but important consequence of this definition: 
Proposition 5.9 

Suppose that {Sn,Pn)nen converges towards {So,po). If Eq is compact, then, for 
sufficiently large n, E„ is diffeomorphic to Eq. Moreover, (in)neN converges to io 
in the C°° sense modulo reparametrisation. 

Proof: Let R be the diameter of Eq. Choose > such that for all n ^ N, there exists 
a graph parametrisation («„, A„) of {Sn,Pn) with respect to {So,po) over radius 2R. For 
all n ^ AT, is a diffeomorphism onto its image and E„ is thus diff'eomorphic to Eq. The 
first assertion follows. The second assertion is trivial, and this completes the proof. □ 

Suppose that M is Riemannian and oriented. Let UM C. TM be the bundle of unit vectors 
over M. The Riemannian structure on M induces a canonical Riemannian structure on 
UM (see [29] for details). Let 5" = (E,i) be an oriented, immersed hypersurface in M. 
Let N be the outward pointing, unit normal over i. We denote ? = N, and we define the 
Gauss lifting S' of 5 by: 

^ = (E,z). 
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Suppose now that M is 3-dimensional. Let (^n)neN) go be metrics over M such that (^n)nGN 
converges smoothly to ^o- In [14], Labourie obtains the following precompactness result: 

Theorem 5.10, Labourie (1997) 

Let {Sn,Pn)n&^ = {{'^n, in) , Pn) bc 3 scquence of pointed, immersed surfaces in M 
such that, for all n, the Gauss Lifting Sn of Sn is complete. Suppose that there 
exist smooth, positive valued functions (/n)neN, /o : M ^-jo, oo[ and a point go e M 
such that: 

(i) {in{Pn))neN converges to go] 

(ii) (/n)n6N converges to /o in the C^^ sense; and 

(iii) for all n e N and for all p e 

Keiin){p) = {fnOin){p)- 

Then there exists a complete, immersed surface (5*0, po) = ((So,jo),Po) e UM 
towards which {Sn,Pn)nef^ subconverges. Moreover, either: 

(a) 5*0 is a complete covering of the unit, normal, circle bundle over a complete 
geodesic; or 

(b) So is nowhere vertical. In other words, if tt : UM ^ M is the canonical 
projection, then TSq is everywhere transverse to Ker(7r). 

Remark: It follows in case (b) that io :— n o Jq is an immersion. Importantly, however, 
iQgo does not necessarily define a complete metric over Sq. Observe, nonetheless that, by 
definition of convergence, there exists a neighbourhood U of po in Eq and, for all n, a 
mapping : [/ ^ E„ which is a diffeomorphism onto its image such that: 

(i) for all n, Q!o(po) = Pn', and 

(ii) {in o an)n€N Converges to jo in the C°° sense over U. 

Thus, in particular, in case (6), {in o Q!n)nGN also converges to iq in the C°° sense over U 
and: 

Ke{io){p) = {fo°io){p)- 
In the same spirit as in Theorem D of [15], we refine Theorem 5.10 as follows: 

Theorem 5.11 

Suppose that M is compact. Let (/n)nGN, /o e C°°(M, ]0, oo[) be positive functions 
such that (/n)neN converges to /o in the C°° sense. Let {injnen : S ^- M be locally 
strictly convex immersions such that, for all n the extrinsic curvature of in is 
prescribed by /„. For all n, let Hn be the mean curvature of in and suppose that: 

(0 /o > '^M-JM); and 

(ii) there exists B >0 such that for all n: 

[ fnHndVoKB. 

Then there exists a smooth immersion zo : E ^ M towards which {in)nm subcon- 
verges in the C°° sense modulo reparametrisation. 
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Proof: For all n, let An be the shape operator of in- We first aim to show that the norm 
of An is uniformly bounded. Suppose the contrary. For all n, let N„ : E — )■ UM be the 
unit normal vector field over E compatible with the orientation and denote in = N„. Let 
G S be the point maximising A^. Consider the sequence {Tj,im,Pm)men of pointed, 
immersed submanifolds in UM. By Theorem 5.10 there exists a complete, immersed 
surface (So,jo,Po) in t/M towards which subconverges. We claim that jo 

is a covering of a circle bundle over a complete geodesic F. Indeed, suppose the contrary. 
Let TT : UM — )■ M be the canonical projection. Then tt o Jq is an immersion and there 
exists a sequences of neighbourhoods {Um)men of ipm)meN in S such that the restrictions 
of the (im)m6N to (t/m)mGN subconverge to the restriction of ttojo in a neighbourhood of 
Po- In particular {An{pn))nef-i converges to the shape operator of ttoj at p which is finite. 
This is absurd and the assertion follows. 

Let HUM and VU M be the horizontal and vertical subbundles of TUM obtained using 
the Levi-Civita connexion of M. For any X := Xp G UM, we identify HUMx with 
TMp and VUMx with {X)^ C TMp where {X) is the one dimensional subspace of TMp 
generated by X. For all n e NU{0}, we define the metric Qn over UM such that for 
(a, /5) e HUM e Ft/M = TUM: 

= + ||^||2. 

For all n, let dVoln and dVoln be the volume forms of the pull back of Qn through z„ and 
the pull back of the metric on M through in respectively. Since K{in) = fn^in,^^ readily 
calculate: 

Voln = fnHndVoln 

Thus, for all n: 

Vol{i*Jn) = [ dVoi„ = / fnHndVoln < B. 
JT, JT, 

It thus follows from the mode of convergence used that: 

Vol(jo*^o) ^ Liminf Vol&) ^ B. 

n— >-+oo 

and so j^go has finite volume. Thus, since jo is a covering of the normal circle bundle 
over F, F is closed and jq is a covering of finite order. In particular, Sq is compact 
and diffeomorphic to the torus ^ S^. However, since Eq is compact, it follows from 
Proposition 5.9 that Eq is also diffeomorphic to E. This is absurd since E is a sphere, and 
it follows that HA^H^gN is uniformly bounded. 

Choose e > such that /q — ^Minl-^) > ^e. For sufficently large m, — cr^^^{M) > e. 
For all n, let Kn be the intrinsic curvature of the pull back through i^ of the metric on 
M. Then, for sufficiently large m: 

Km = fra- <TT.p) > - CT^^{M) > 6. 

We thus obtain uniform, positive lower bounds for Km for m sufficiently large, and this 
yields a uniform upper bound for the intrinsic diameter of E with respect the pull back 
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through im of the metric on M. It follows from the Arzela-Ascoli Theorem for immersed 
submanifolds (c.f. [26]) that there exists an immersion zq : S — )■ M towards which {im)me'N 
subconverges in the C°° sense modulo reparametrisation. This completes the proof. □ 

Finally, we show that the hypotheses of Proposition 4.1 are satisfied: 

Proposition 5.12 

For any metric g on M, there exists C > and T > such that: 

(i) ]r,+oo[c O; and 

(ii) \f t>T and {\i],t) e Z, then Biam{E;i*g) ^ Ct-^. 

Proof: (z) is trivial. Likewise t sufficiently large, the intrinsice curvature of i*g is bounded 
below by t^/4, and (ii) follows trivially. □ 

We now prove Theorem 1.4: 

Proof of Theorem 1.4: Since E is a 2-dimensional sphere, there exists no non-trivial 
diffeomorphisms of E having no fixed points, and so X only consists of simple immersions. 
By Theorem 5.11 and Proposition 5.8, tt : Z — > O is a proper map and so, by Theorems 2.10 
and 3.14, Deg(7r) is well defined. By Proposition 5.12, the hypotheses of Proposition 5.8 
are satisfied, and it follows that Deg(7r) = — x(M), where x(M) is the Euler Characteristic 
of M. However, since M is odd-dimensional, x(M) = 0, and this completes the proof. □ 

A - Functional Analysis. 

A.l Immersions and Unparametrised Immersions. 

Let E := E"^ and M := M"^^^ be compact, oriented manifolds of dimension n and (n -|- 1) 
respectively. Let C°°(E,M) be the set of smooth mappings from E into M. We furnish 
C°°(E, M) with the topology of smooth convergence. Let C^^iT,, M) be the open subset 
of C°°(E,M) consisting of those mappings which are also immersions. Let Diff°°(E) be 
the group of smooth, orientation preserving diffeomorphisms of E. We furnish Diff°°(E) 
with the topology of convergence. Diff°°(E) acts on C^jjj(E, M) by composition and 
we define Imm(E, M), the space of unparametrised immersions from E into M, to be 
the quotient space of this action: 

Imm(E, M) = C-^(E, M)/Diff-(E). 

We furnish Imm(E, M) with the quotient topology. For an element i G C?^^{Ti^ M) we 
denote its equivalence class in Imm(E, M) by 

The group Diff°°(E) also acts on C°°(E) by composition. We define the action of Diff°°(E) 
on the Cartesian product Ci~^(E,M) x C~(E) by: 

9 ■ ihf) = i'i°9J°9)- 
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We define Smooth(E, M) to be the quotient of C^in(S, M) x C°°(S) under this action: 

Smooth(S,M) = Ci^^(E,M) x C°°(E)/Diff°°(S). 

We furnish Smooth(E, M) with the quotient topology. The projection onto the first 
factor, TT : C^^{J:,M) x C°°(M) C^^{J:,M), quotients down to a projection n : 
Smooth(i;, M) — )■ Imm(E, M) which makes Smooth(E, M) into a topological vector bun- 
dle over Imm(E, M) with fibre C°°(S). In the language of principal bundles, C^^{T,, M) is 
a principal Diff °° (E)-bundle over Imm(E, M) and Smooth(E, M ) is an associated bundle: 

Smooth(E, M) = C^^{E, M) ®Diff-(E) C°°(E). 

For a pair (i, /) G C^^{Tj^ M) x C°°(M), we denote its equivalence class in Smooth(E, M) 
by [h f]- A functional J-" : Imm(E,M) — )■ Smooth(E,M) is said to be a section of 
Smooth(E, M) over Imm(E, M) if and only if tt o J" = Id. 

Let X be a finite dimensional manifold. We say that a functional JF : X ^ C°°{T,, M) is 
strongly smooth if and only if: 

X X E ^ M; ^ J^{x){p) 

is a smooth mapping. Let y be a finite dimensional manifold. We say that a functional 
Q : C°°(E, M) — 7- y is weakly smooth if and only if for any strongly smooth functional, 
J-' : X ^ C°°(E, M), the composition is smooth. We define strong smoothness (resp. 
weak smoothness) for functionals taking values in (resp. defined over) C°°(E) and C°°{M) 
in the same manner. 

Let X be a finite dimensional manifold. We say that a functional T : X ^ Imm(E, M) 
is strongly smooth if and only if it lifts everywhere locally to a strongly smooth func- 
tional. Let y be a finite dimensional manifold. As before, we say that a functional 
Q : Imm(E, M) Y is weakly smooth if and only if for any strongly smooth functional, 
T : X ^ Imm(E, M), the composition ^ o is smooth. 

We say that a section Q : Imm(E, M) Smooth(E, M) is weakly smooth if and only if 
for any for any strongly smooth functional, J- : X ^ Imm(E, M), the composition Q o T 
is strongly smooth. 

Choose i e C?^^{Tj, M). Let Nj be the unit normal vector field over i compatible with the 
orientation. We define Si : C~(E) ^ C~(E,M) by: 

£,(/)(p)=Exp(/(p)N,(p)), 

where Exp : TM — M is the exponential map of M. Let Ui C C°°(E) be a neighbourhood 
of the zero section whose image under Si consists only of immersions. We call such a triplet, 
(i, Ui, Si), a graph slice of C-^(E, M). 

Let (z, U^, S^) be a graph slice of C°^n,(E, M). Denote S = noS^, where n : C°^n,(E, M) ^ 
Imm(E, M) is the canonical projection. Reducing Ui if necessary, S defines a homeo- 
morphism from Ui onto an open subset Vi of Imm(E,M). We call such a quadruplet, 
(z, Ui, Vi,Si), a graph chart of Imm(E, M). 
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Remark: These charts provide Imm(S, M) with the structure of a tame Frechet orbifold 
(c.f. [9]) which is a manifold away from points corresponding to multiple covers. Using 
the Nash-Moser Theorem, the constructions of this section can be reformulated in this 
context. We have however chosen to work with the less sophisticated machinery of Banach 
orbifolds since the required hypotheses are slightly easier to prove. Care must be taken, 
however, since since Imm(E, M) cannot be extended to a smooth Banach orbifold, as we 
will see presently. 

A. 2 Strong Tangent Spaces, Differentiation and Linearisation. 

Choose i G C^^^(E,M). Let 7, ry :] - e, e[-)- C^^{T,,M) be strongly smooth functionals 
such that 7(0) = 77(0) = i. Define the equivalence relation ~i on such functionals such 
that 7 ~i ?7 if and only if for all p G E: 

damp)\t=o-dtvmp)\t=o = 0. 

We define the strong tangent space, 7iC-^j^(S, M), to be the space of equivalence classes 
of strongly smooth functionals 7 :] — e, e[— >■ C°°(S, M) such that 7(0) = i. It is trivially a 
vector space. Given a strongly smooth functional 7 :] — e, e[— C°°(E,M), we denote the 
class that it defines at by D'Jq. For any strongly smooth functional J-" : X — > C°°(E, M) 
(resp. weakly smooth functional Q : C°°(S,M) ^ y), we define the strong derivative, 
DJ^ : TX ^ TC°°{J:,M) (resp. weak derivative : TC°^(S,M) ^ TY), in the 
obvious manner. We say that a strongly smooth functional T : X ^ C°°(E, M) is an 
immersion if and only if its strong derivative is everywhere injective. We say that it is 
an embedding if, in addition, it is injective. We define the strong tangent spaces, strong 
derivatives and weak derivatives for C°°(E) and C°°(M) in an analogous manner. 

Choose [i] G Imm(S,M). Let 7,77 :] — e, e[— > Imm(E,M) be strongly smooth functionals 
such that 7(0) = 77(0) = [i]. Define the equivalence relation on such functionals such 
that 7 r] if and only if for all lifts 7, ?} :] — e, e[— )■ Imm(E, M) of 7 and ry respectively 
such that 7(0) = r)(0) = z, and for all p G S, there exists Xp G TpS such that: 

dt^{t)ip)\t=o - dtf]{t){p)\t=o = Ttp ■ Xp. 

In other words, the difference between the strong derivatives of the lifts is tangent to i. We 
define the strong tangent space T[j]Imm(E,M) to be the space of equivalence classes 
of strongly smooth functionals 7 :] — e, e[— M such that 7(0) = [i]. As before, this is 
trivially a vector space. We define strong derivatives, weak derivatives, immersions and 
embeddings as before. 

The standard identification of functions in C°° (E) with infinitesimal normal deformations 
of immersions in C^^CE, M) is described formally in the current context as a homomor- 
phism X : C°^^(E,M) x C°°(E) ^ TCi~^(E,M) as follows: choose i G Ci~^(E,M) 
and / G C°°(E). Let {i,U,,S^) be the graph slice of C?^^(E,M) through i. Define 
7(i,/) :]-e,eKC-^(E,M)by: 
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We define X{i,f) e TC^^{i:,M) by: 



X{i,f) = D^{i,f)o. 



The homomorphism X is equivariant in the following sense: for all e Difi^°°(E): 



Thus, if TT : C^^{Ti,M) — >■ Imm(S,M) is the canonical projection, then, for all e 



is trivially bijective in each fibre. 

We furnish TImm(E, M) with the unique topology that makes X into a homeomorphism. 
We say that a section J-" of TImm(E, M) is weakly smooth if and only if the composition 



Remark: In the sequel, we often identify a vector [i, f] e Smooth(E, M) with its corre- 
sponding tangent vector X{[i, /]) e TImm(E, M). 

Let TT : Smooth(S, M) Imm(S, M) be the canonical projection. We define the strong 
vertical bundle, ySmooth(E, M) C TSmooth(E, M) by: 



Let T : Imm(S, M) — > Smooth(S, M) be a weakly smooth section. Interpreting graph 
charts as defining parallel transport up to first order, we define CJ^ : TImm(E, M) — )■ 
ySmooth(E, M), the linearisation (covariant derivative) of J-" as follows: choose [i, /] G 
TImm(E,M). Let f : C°^^(E,M) ^ C°°(E) be the lift of J" near i. Define 7(^, /) as 
before, and define 7^(i, /) :] — e, C°°(E) by: 

7.f(*,/) = fo^{i,f). 

We define /) e C°°(E) by: 

Ifii, f) = D^^ii, f)o. 

(0, /)) projects down to an element n^CJ^ii, f) of y7rQj]-)Smooth(E, M). Moreover, 

CJ^ is equivariant in the following sense: for all (j) G Diff°°(E): 



7(z o / o , 
^ X{io(t)Jo 



m) ={Utf))o4> 




FSmooth(E,M) = Ker(i:»7r). 



tP{io<j)Jo<j))=tP{iJ)ocj). 



Thus, for aU (i',/') G [i,/]: 



TrXf {i'j') 
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We thus define: 

If 3^ is a weakly smooth section of TImm(S,M), we define CyT such that, for all [i] e 
Imm(S,M): 

where we identify V_7rQj])Smooth(E, M) with Smooth[j](S, M) in the canonical manner. 
CyF is a section of Smooth(S, M) over Imm(S, M) which is also weakly smooth. 

Remark: Since CyJ^ is weakly smooth, the process of linearisation may be iterated, and 
we may thus define higher order linearisations in the obvious manner. 

A. 3 General Bundles over the Source and Target Spaces. 

We generalise the above discussion to sections of bundles over S and M. As in the finite 
dimensional case, the operation of linearisation satisfies the product and chain rules, mak- 
ing the following helpful in calculating linearisations. However, since linearisations can in 
general be calculated directly, it is not strictly necessary, and the reader uncomfortable 
with excessive formalism may skip to the next section if he so wishes. 

Let E he a smooth, finite dimensional vector bundle over E. Let T°^{E) be the set of 
smooth sections of E over E. Given a well defined pull back action of Diff°°(E) on T°°{E), 
we define Smooth(E, M, E) by: 

Smooth(E, M, = Ci^^(E,M) x r=^(E)/Diff°°(E). 

We furnish Smooth(E, M, E) with the quotient topology, and, as before, Smooth(E, M, E) 
defines a topological vector bundle over Imm(E, M) with fibre T^{E). We define strong 
and weak smoothness, the strong tangent space, strong and weak derivatives and lineari- 
sations of weakly smooth sections of Smooth(E, M, E) as before. In particular, if y is 
a weakly smooth section of TImm(E,M), then CyT is also a weakly smooth section of 
Smooth(E, M, E) and linearisation may be iterated. 

Let F be a smooth, finite dimensional vector bundle over M. For i e C^jjj(E,M), let 
r°°(F,z) C C°°(E,F) be the set of smooth sections of i*F over E. This is the set of 
smooth mappings a : E ^ F such that: 

z = TT o a, 

where tt : F — )■ M is the canonical projection. Diff°°(E) acts on r°°(F, i) by pull back, 
and we obtain a topological vector bundle Smooth(E, M, F) over Imm(E, M) whose fibre 
over the point [i] is r°°(F, i). We define strong and weak smoothness, the strong tangent 
space, and strong and weak derivatives the same way as before. 

We define linearisation as follows: let J-" be a weakly smooth section of Smooth(E, M, F) 
over Imm(E,M). Choose [i.f] e TImm(E,M). Let P : C^S^(E,M) ^ C°°(E,F) be the 
lift of T near i. Define ^{i, /) as in the preceeding section. For p,q e M sufficiently close. 
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let Tq^p : Fp ^ Fq be the parallel transport of F along the shortest geodesic of M joining 
p to q. Define 7^(i,/) :] - e,e[-^ T°°{F,i) by: 

lJ-{iJ){t){p) = ^i(p),7(i,/)W(p) ° (•^°7(^'/))(0(^')- 
We define Cf{iJ) e r~(F,z) by: 

i:^(i,/) = D7^(^,/)o. 

(0, CT) projects down to an element, 7r*£^(i, /) of VTr^j]) Smooth (S, M, F). Moreover 
is equivariant in the following sense: for all 4> e Diff°°(S): 

Cf{iocf>Jocf>) = jtf{iJ)ocf>. 

Thus, for aU {i'J') e [i,/]: 

7r.£J-(z',/') = 7r.£J-(z,/). 

We thus define: 

^•^W • /] = /). 

If 3^ is a weakly smooth section of TImm(E,M), then CyJ-' is also weakly smooth, and 
linearisation may be iterated. 

We review the functionals that are used in the current paper, as well as their linearisations: 

(i) the exterior unit normal vector field: given i e Imm(E,M), N(i) is the outward 
pointing unit normal vector field over i. It is a smooth section of i*TM and its linearisation 
is a first order differential operator given by: 

CH ■ [i, /] = [i, V/] e Smooth(E, M, TM); 

(ii) the induced metric: g{i) is a smooth section of T*E (g) T*S and its linearisation is 
a zeroeth order differential operator given by: 

Cg ■ [i, /] = [i, 2fAi] e Smooth(E, M, T*S ® T*T), 

where Ai is the shape operator of z; 

(iii) tiie induced volume form: dVol(z) is a smooth section of A"'T*S and its linearisation 
is a zeroeth order differential operator given by: 

£dVol • [z, /] = [z, fHidYoXi] e Smooth(S, M, A"T*E), 

where Hi = Tr(Aj) is the mean curvature of i; 

(iv) the shape operator: A{i) is a smooth section of End(TS) and its linearisation is a 
second order differential operator given by: 

CA ■ [z, /] = [z, f{Wi - A^) - Hess(/)] e Smooth(E, M, End(TE)), 
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where Wi e r(End(TS)) is given by: 

Wi- X = Rf^.xK; and 

(v) the curvature operator: K{i) is a smooth function over E and, by definition, its 
hnearisation is a second order, eUiptic, hnear differential operator. 

We finally consider functions and vector fields over the ambient space. These also define 
operators over Imm(S, M) by composition: 

(vi) composition by a smooth function: given G C°°(M), := </? o i is a smooth 
function over S and its linearisation is a zeroeth order differential operator given by: 

dp ■ [?;, /] = [z, (V(/?, N,)/] G Smooth(E, M); and 

(vii) composition by a smooth vector field: given a smooth vector field, X , over M, 
X[i) :— i*X is a smooth section of i*TM and its linearisation is a zeroeth order differential 
operator given by: 

LX ■ [i, f] = [i, fVuX] G Smooth(S, M, TM). 
A. 4 Separable Banach Spaces. 

Let M be a compact Riemannian manifold. Let C°°(M) be the space of smooth real valued 
functions over M. Let Nq be the set of non-negative integers. For all {k, a) G Nox]0, 1], let 
C'='"(M) be the Banach space of real valued, k + a times Holder differentiablc functions. 
For aU (fc,a), let C'''"{M) to be the closure of C°° (M) inC'='"(M). C'='"(M) andC''='"(M) 
are Banach spaces and C^'°'{M) is separable. Observe that: 

c°°(M) = n c'='"(M) = n C''='"(M). 

(fc,a) {k,ot) 

Let El, E2 and F be Banach spaces and let J-" : £"1 x £"2 — -F be a functional. For 
m, n G No U {00}, wc say that T is C*"^'"^ if and only if for all i ^ m, j ^ n, the partial 
derivative D\D2J^ exists and is continuous. 

Lemma A.l 

(i) For all (A;, a): 

C'='"(M) X C'='"(M) ^ C'='"(M); {f,g)^f + g 
is a c°°'°° functional; 

(ii) for all k + a: 

C'''"(M) X C'='"(M) ^ C'''"(M); (/,^) ^ 
is a c°°'°° functional; 

(iii) for all k + a> 1 and for any smooth vector field, X g r(TM): 

is a C°° functional; and 

(iv) for all m G No and for all Z + ^ > A; + ct ^ 1: 

C'+"^'^(M) X C'='"(M) ^ C'=''^(M); if,g)^ fog 

is a c°°'"^ functional. 
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Let T : C°°{M) C°°{M) be a functional. We say that T is smooth if and only if 

there exists r G Nq such that for all (/c, a), J-" extends continuously to a smooth functional 
jrfc,a f^Q^ C'^+^'°(M) to C^''^{M). Since C°°(M) is dense in C''='"(M) for aU (A;,a), the 
extension is unique when it exists. We call r the order of J-". 

Proposition A. 2 

Let X and Y be finite dimensional manifolds. 

(i) If J" : X C°°(M) is smooth, then it is strongly smooth; 

(ii) if Q : C°°{M) y is smooth, then it is weakly smooth; and 

(iii) if J" : C°^{M) C°^{M) is smooth, then it is weakly smooth. 

Let J-' : C°°(M) — )■ C°°(M) be a smooth functional. Since, in particular, J-' is weakly 
smooth, we define the weak derivative, DJ' : TC°°(M) -> TC°°(M). We say that J" is 
elliptic if and only if, for aU / e C°°(M), DTf : C°°(M) ^ C°°(M) is an elliptic r'th 
order pseudo-differential operator. By classical elliptic theory and compactness of M (c.f. 
[8]) for all {k,a), DT)'"" : C'=+'".« ^ C"=.« is Fredholm. Moreover, if / e C°°{M): 

Ker(DJ-)'"),Coker(DJ-^'") e C~(M). 

In particular, Ind(-DJ-'^'"), the Fredholm index of DJ^^'°' is independant of {k,a). Since, 
by continuity, it is independant of /, we may speak of the Fredholm index of and we 
denote it by Ind(J^). 

Proposition A. 3 

If T is elliptic, then for / e C°°(M), if DJ^f : C^{M) C^{M) is surjective, then 
so is DFg for all g sufficiently close to /. 

Proof: Since DTf is an elliptic pseudo-differential operator with smooth coefficients, so 
is its dual with respect to the norm over M. Thus, for all (fc.a), Cokcr(L>J-'j.'") is 
finite dimensional and consists only of smooth functions, and so, since DJ^f is surjective, 
so is DJ-"^'". Since surjectivity of Fredholm maps is an open property, there exists a 
neighbourhood, O of / in C'^'"(M) such that if (7 G O, DJ-"^'" is surjective. We claim 
that for g G C°°(M)nn, DJ^g is surjective. Indeed, choose G C°°(M). There exists 
^ e C'=+'^'"(M) such that DJ^^^"^ • ^ = (/>. By elliptic regularity, G C°°(M), and: 

DJ^g ■ i; = • V = 0. 

The assertion follows, and this completes the proof. □ 

The following lemma is useful for extending the space of admissable data: let E and F be 
Banach spaces. Let : E x F ^ E he a mapping which is Fredholm with respect to 
the first component. Define Z C. E x F by: 

Z = T-\{0}). 

Let 7r2 : Z ^ F he the projection onto the second factor. 

Proposition A. 4 

For all {x,y) G Z, there exists a neighbourhood U x V of {x,y) '\n E x F such that 
the restriction of 772 to Zr)(U x V) is proper. 
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Proof: Let DiJ^ and be the partial derivatives of with respect to the first and 

second components respectively. By definition, DiJ-'(^^ y-^ is Fredholm. Let W C. E he the 

cokernel of DiF(^x,y)- Define P : E x F x W ^ E x F hy: 

P{u, f , w) = {J^{u, v) + w,v). 

T is trivially C^, and DT is surjective at (x, 0). By the Implicit Function Theorem 
for differentiable functions between Banach Spaces, there exist neighbourhoods Qi, ^2 of 
(0,y,0) and (x, y, 0) respectively m. E x F xW and a mapping $ : fii — >■ such 
that o $ coincides with projection onto the first and second factors. Let XJ x F be a 
neighbourhood of {x,y) e E x F such that: 

U xV X {0} cn2- 

We claim that U x V is the desired neighbourhood. Indeed, let {xn,yn)nen & U x V he 
such that {xn, Vn) G Z for all n. Suppose that {yn)nen converges to 2/0 ^ ^ ■ Foi' 'n-, 
since {xniDni^) £ ^^2, there exists Wn &W such that ^{^,ymWn) = {xn,yniO)- Since W 
is finite dimensional, after extracting a subsequence, there exists wq E W towards which 
(wn)nEN subcouvcrges. Since $ is a diffeomorphism onto its image, and since the closure of 
U xV X {0} is contained in ^2, (0, yo, wq) G Qi. Define xq G C/ by $(0, yo, vq) — {xq, yo, 0). 
{xn)nefi subconverges to xq, and the assertion follows. This completes the proof. □ 



A. 5 Banach Manifolds. 

Let £^ be a separable Banach space. A Banach manifold modelled on is a separable, 
Hausdorff space, X, whose every point has a neighbourhood homeomorphic to an open 
subset of E such that the transition maps are smooth. Let S and M he smooth, compact, 
finite dimensional manifolds and let C°°(E,M) be the space of smooth mappings from E 
into M. For all (/c, a) E Nox]0, 1], let C^'"(E, M) be the space of C'''" mappings from S 
into M and let (7'='"(E, M) be the closure of C°°(S, M) in C'='"(S, M). Observe that: 

C°°(S,M)- n C'='°=(E,M)= n C''='"(S,M). 

(A;, a) (k,ci) 

We show that, for all A; + a ^ 1, C'='"(S, M) is a Banach manifold (c.f. [13] for a detailed 
account of the case where E = 5"^ is the circle). Since M may be embedded in for 
some large A^, C'^'"(S,M) is contained in C''^'"(E,M^) and is therefore separable. Let r 
be the injectivity radius of M. Choose i e C~(S, M). Let f ^'"(z*TM) be the set of C'^'" 
sections of i*TM whose norm is less than r. Let B^'°'{i) be the set of all mappings in 
C''='"(S,M) whose distance to i is less than r. We define Si : f^^''^{i*TM) B^'^^ii) 
by: 

£:,(X)(p) = Exp,(p)(A(p)). 

Every element of C''^'"(S,M) lies in for some i G C°°(E,M). Moreover, given 

iui2 e C°°(E,M): 

o£:,,(X)(p) = (Exp-J^) oExp,^(^))(X(p)). 
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By Lemma A.l these transition maps are smooth, and we conclude that C''^'°=(S,M) IS a 
smooth Banach manifold. 

Let C^^jjj(S,M) be the (open) subset of those maps in C°°(S,M) which are also immer- 
sions. For all A; + q; > 1, define Cj;^!^' ^) ^^'^ Amm(^' ^) the obvious manner. Since 
it is an open subset of a Banach Manifold, C^j^{T,, M) is also a Banach Manifold. 

Let J" : C^^(T,, M) C°°(E) be a functional. We say that F is smooth of order r if and 
only if its restriction to every chart is smooth of order r. We say that J- is transversally 
elliptic if and only if its restriction to every graph slice is elliptic. 

Remark: This construction approximates C-^^(S,M) by Banach orbifolds. However, nei- 
ther Imm(S, M) nor Smooth(E, M) can be approximated by Banach orbifolds in this 
manner since the composition operation is non-smooth (c.f. Lemma A.l, {iv)). We may 
bypass this by observing that Imm(E, M) is a Frechet orbifold (c.f. [9]), and re-expressing 
the constructions of this appendix using the Nash-Moser Theorem in place of the Implicit 
Function Theorem. Alternatively, we may continue to work within the Banach category 
by using the quotient differential structure, as in the case of weak and strong smoothness. 

Let J-" : Imm(E, M) — >■ Smooth(E, M) be a section. We say that J-" is smooth of order r 
if and only its lift is smooth of order r. We say that is elliptic if and only if its lift is 
transversally elliptic. 

A.6 Smooth Bump Functionals and Lifting Charts. 

As in the finite dimensional case, smooth bump functionals provide an important tool 
for constructing smooth functionals over Imm(E,M). Let [i] G Imm(E,M) be a smooth 
immersion. Let Gi C Diff°°(S) be the subgroup of those immersions which preserve i. 
Thus, a e Gi a and only if: 

a oi = a. 

Since i is an immersion, G^ is discrete. Since S is compact, Gq is compact, and is therefore 
finite. 

Let Nj be the unit normal vector field over i compatible with the orientation. We define 
/ : E X R M by: 

/(p,t) = Exp(tN,(p)), 

Gi acts on S X M in the obvious manner. Trivially, / is unchanged by pre-composition 
with elements of Gi. Since E is compact, there exists e > such that the restriction of / 
to Ex] — e, e[ is an immersion. For j e C^^{T,, M) such that [j] is sufficiently close to [i] 
in the C° sense, there exists an embedding j" : E — > Ex] — e, e[ such that: 

Reducing e further if necessary, j is unique up to post-composition with elements of Gi. 
We refer to the embedding, j as the lift of j with respect to i. 
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Lemma A. 5 

Let K c imm(E,M) be compact. Let U c imm(E,M) be a neighbourhood of K. 
There exists a smooth functional T : Imm(S,M) R such that: 

(i) T is equal to 1 over K; 

(ii) J" is equal to outside U; and 

(iii) for any i e Imm(E,M), DJ^i is given by an integral operator. 

Proof: Suppose first that K consists of a single point, [io], wfiere zq G C°^j^(E,M). Let 
V C Imm(E, M) be a neiglibourliood of [io] such that any i G C^^CE, M) whose class is 
in V may be lifted to an embedding, « in Ex] — e, e[. Let V C ^'^^^(E, M) be the set of 
all immersions whose class is in F. 

Let go = io be the metric induced on E by the immersion zq. Let tt : Ex] — e, e[— > E and 
/i : Ex] — e, e[— >] — e, e[ be the projections onto the first and second factors respectively. 
For k G No, let Z G No be the lowest integer greater than k + n/2. Define the functional 
A : V ^ M by: 



where V is the covariant derivative of the metric (tt o i)*go, \\ ■ \\ is its norm, and dVol 
is its volume form. J-'o{i) is trivially unchanged by post-composition of the lift t of i with 
an element of Gi^. By Lemma A.l, the functional J-'k is smooth. It is trivially equivariant 
under the action of Diff°°(E) on C^^{T,, M), and thus quotients to a smooth functional 

Let (io, Uo, Vo, ^o) be a graph chart of Imm(E, M) about io- We may suppose that V = Vo. 
Composing Tj. with So yields: 



where V is the covariant derivative of the metric ^ro) || • || is its norm, and dVol is 
its volume form. By definition of the C°° topology, there exists /c G No such that if 
i G Imm(E, M) is sufficiently close to io in the sense, then i E U. Thus, by classical 
Sobolov Theory (c.f. [3]), for this value of k, there exists 6 > such that: 



Let X : [0, oo[^ M be a smooth function equal to 1 near and equal to over [6, +00 [. We 
define the functional : F — > R by: 



We extend to a smooth functional over Imm(E,M) by setting it equal to on the 
complement of U. This functional satisfies properties (i) and (ii). Property {Hi) follows 




m=0 




J'^\[o,S])cunv. 



m = {xoJ'k){i). 
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after integrating by parts, and the general case follows by compactness. This completes 
the proof. □ 

Closely related to the construction of smooth bump functionals are lifting charts. These 
are also useful for defining smooth functions over Imm(E, M) by allowing us to represent 
any immersion as an embedding in some given manifold. We proceed as follows: we define 
the functional X : CP^m(S, S^) ^ C^mi^, M) by: 

I{j){p) = {Ioj){p). 

By Lemma A.l, X is smooth. Moreover, X is trivially equivariant under the action of 
Diff°°(E). 

We say that p G S is an injective point of i if and only if for all p: 
Proposition A. 6 

If [i] has a single injective point, then there exist a Diff°°(E)-invariant neighbour- 
hood U of [z] in Ci'^^(E,E,) such that the restriction of X to W is a Diff°°(E)- 
invariant diffeomorphism onto its image. 

Proof: Wc identify i with its canonical lift in C^^CE^T,^). X is trivially a local diffeo- 
morphism close to i. It thus suffices to show that X is injective over a Diff (E)-invariant 
neighbourhood of i. Let p G S be an injective point of i. There exists a neighbourhood V 
of p in S and e > such that: 

(i) the restriction of / to Vx] — e, e[ is injective; and 

(ii) i{V^x]-e,e)r]i{Vx]-e,e[) = 0. 

Let W C C°°(E) be a neighbourhood of consisting of functions bounded above by 
e in the norm. Let U C Cj*^j^(E,Ee) be the set of those immersions which are 
reparametrisations of graphs over i of elements in W. U is trivially Diff°°(E) invariant. 
We claim that the restriction of X to W is injective. Indeed, suppose the contrary. Choose 
G CP^rni^, Sx] - e, e[) such that X(j) = X(j'). In other words / o j = / o /. The set 
over which j and j' coincide is closed. Since / is everywhere a local diffeomorphism, it is 
open. Since j is a graph of an element of W, there exists g G E such that j{q) G Vx]—e, e[. 
Thus: 

iIoj'){q) = {Ioj){q)ei{Vx]-e,e[) 
Thus, by definition of V and e: 

j'{q)eVx]-e,e[. 

Since the restriction of I to V x]—e, e[ is injective, j'{q) — j{q)- It follows by connectedness 
that j = j' and the assertion follows. This proves injectivity and we see that U is the desired 
neighbourhood. □ 
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We define V C C^^^E, M) by V = U and V quotient down to open subsets U 

and V of Imm(E, E^) and Imm(E, M) respectively, and I quotients down to a functional 
I : U ^ V. By definition, this functional is smooth, and so is its inverse. We denote 
C = We refer to the triplet {C,U,V) as a lifting chart of Imm(S, M) about [i], 

and we observe that for all [j] e V, >C([j]) is always an embedded submanifold of Eg even 
though [j] need not be and embedded submanifold of M. 

A. 7 The Sard-Smale Theorem. 

We say that X C C°°(M) is a strongly smooth, embedded, finite dimensional subman- 
ifold if and only if it is everywhere locally the image of a strongly smooth embedding. We 
define smooth, embedded, finite dimensional submanifolds of C^^^CE, M) and Imm(E, M) 
in an analogous manner. 

Theorem A. 7, ImpUcit Function Theorem 

Let T : C°°(M) ^ C°°(M) be a smooth, elliptic functional. If DJ" is surjective 
at every point of J'"^({0}), then J'"^({0}) is a strongly smooth, embedded, finite 
dimensional submanifold of C"^(M) of dimension Ind(J'). 

Proof: Let r be the order of J^. For all {k, a), we denote by J^^'" : C''=+'^'"(M) C''''^{M) 
the continuous extension of J^. By elliptic regularity: 

(J-'=''^)-'({0}) CC°°(M), 

and so: 

As in the proof of Proposition A.3, DJ^^f"" is surjective for aU / e (^'''")"H{0}). Let 
n be the index of F. Since DF^''^ is Fredholm, by the Implicit Function Theorem for 
Banach manifolds, {J^^''^)~^{{^}) is a smooth submanifold of (7*^"''''''* (M) of dimension 
IndiDT^^"^) = Ind(J'). 

We denote by the canonical embedding of ^-""^({0}) into C^'°'{M). We claim that the 
differential structure defined over ^-""^({0}) by pulling back the differential structure of 
C^'°'{M) through i'^'" is independent of (A;, a). Indeed, for /c' + a' > /c + a, the canonical 
embedding, of (^^'"(M) into (M) is smooth. Since, trivially: 

j^k,a _ j{k,a),(k' ,a.') ^ i^' ,a' ^ 

the assertion follows. In particular, i^'"' is smooth for all (fc, a), and so, by definition, the 
canonical embedding, i : J'~^({0}) C°°{M) is smooth. By Proposition A.2, J"~^({0}) 
is strongly smooth, and this completes the proof. □ 

Let : Imm(E, M) x C°°(M ) -> Smooth(E, M) be a family of sections of Smooth(E, M) 
over Imm(E,M). Suppose that J-" is smooth and Fredholm with respect to the first com- 
ponent, and weakly smooth with respect to the second. We consider the zero set: 

Z:={[i,f]\H[i,f]) = ^}, 
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and the canonical projection: 

TT : C°°(M). 

As before, we define TZ, the strong tangent space of Z to be the space of equivalence 
classes of strongly smooth mappings from an open interval into Z. 

Proposition A. 8 

if is surjective at every point of Z, then: 

TZ = Ker(£J^). 

In particular, TZ is a vector subspace of TImm(S,M) x TC°°{M). 
Proof: Choose ([«],/) G Z. Trivially: 

Ti[i\,f)Z C Ker(£J-([i] J)). 

We aim to show that: 

Ker(£^([,] J)) C T^[,]j)J^. 

Choose {a,P) G Ker(>CJ^([j] j)). Let CiJ-' be the partial linearisation of with respect to 
the first component. Since >CiJ-'([j] j) is elliptic, its cokernel is finite dimensional. In other 
words, there exists a finite dimensional subspace E C V^^Qj] j-)Smooth(S, M) such that: 

j)Smooth(S, M) = • T[,]Imm(E, M) + E. 

Since CT is surjective, there exists a finite dimensional subspace F C TC°°{M) such that: 

CT^lHj) ■ (T[,]Imm(E, M) ® F) = Vp([,] j)Smooth(S, M). 

We assume, moreover, that P C F. Let (z, t/j, T^, £^i) be a graph chart of Imm(E, M) about 
i. Define g ■.C°°{E) x F ^ Smooth(S, M) by: 

g{g,h)^:F{£,{g)J + h). 

Since J-' is weakly smooth, Q is smooth. Q is also elliptic and surjective at (0,0). Since 
surjectivity of elliptic functionals is an open property (c.f. Proposition A. 3), Q is surjective 
near (0,0). By the Implicit Function Theorem (Theorem A. 7), ^~^({0}) is a strongly 
smooth, finite dimensional submanifold. We identify ^~^({0}) with its image under £i in 
Imm(E,M) x F C Imm(S,M) x C~(M). This image is a subset of ^-^({0}). Thus, in 
particular: 

Since {a, (3) e T[j]Imm(S, M) ® F satisfies • {a, (3) = 0: 

{a,f3) e T^[i],f)Q. 

This completes the proof. □ 
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Let Q : X ^ C°°{M) be a strongly smooth functional from a compact finite dimensional 
manifold into (M) . Let V. : Z ^ Y he a weakly smooth functional from Z into another 
finite dimensional manifold. 

Definition A. 9 

For X e X, we say that G is transverse to the restriction of tt to ?{~^({0}) at x if 
and only if, for all ([i],/) e Z such that: 

(i) 7r{\i],f) = gix), and 

{\\)H{[i]J) = 0, 

and for all e C°°(M), there exists V e TpX and {a, (3) e such that: 

(i) (/) = ■ y + I)7r([,] J) • (a, /3), and 
00 i^%i],/)-K/5) = 0. 

Given such a pair of functionals, we define Z{Q,H) C Z x X by: 

= mj,x) I ^(^) = ^(w,/) & ^(w,/) = 0}. 

The case where y is dimensional and H is trivial is of particular interest. We denote: 

ZiQ) :=Z{g,0). 

We adapt the Implicit Function Theorem for Banach manifolds to our current setting: 
Theorem A. 10 
Suppose that: 

(i) is surjective at every point of Z; 

(ii) DH is surjective at every point of Z{g,'H); and 

(iii) ^ is transverse to the restriction of n to ^"^({0}). 

Then Z{Q,'H) is a smooth, embedded, finite dimensional submanifold of Z x X. 

Moreover: 

(i) the dimension Z{g,n) is equal to Ind(J^) + Dim(X) - Dim(F); and 

(ii) dZ{g,n) cZxdX. 

Remark: It is important for our applications to note that T-L need only be defined over Z 
and need only be weakly smooth. 

Proof: We first consider the case where F is dimensional and Tt is trivial. Choose 
([i], /, x) G Z{Q). Since the result is of a local nature, it suffices to prove it near ([i], /, x). 
Let J" : C^^iE, M) x C°°(M) C°°(E) be the hft of J^. Let (i, C/i, Q be a graph slice 
of CiSm(S, M) through i. Define : Ui x C^{M) by: 

^i{9,h) = P{Si{g),h). 
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Define X : t/j x X ^ C°°(S) by: 

I{g,x) = Pi{g,G{x)). 

X is smooth. Moreover, X is eUiptic with respect to the first component with index Ind(J-'). 
We claim that DX is surjective at (0, x). Indeed, denote g = Q{x) and choose (p ^ C°°(E). 
By the hypothesis on J^, DJ^j (0,5) is surjective and there exists {a, /3) e C°°(E) x C°^{M) 
such that: 

-Dl^j,(0,5) ■ " + -^2^1,(0,5) ■ P = (t>- 

Since ^ is transverse to the restriction of tt to "^"^({0}), in particular, it is transverse to 
TT. There therefore exists (7, 5) G T(^Q g^T~^{{0}) and t/ e Ta;X such that: 

i)^^ . [/ _ 5 = ^. 

Thus: 

Since (7, 5) is tangent to ^j~"^({0}) at {0,x): 

Difi,(o,g) • (a + 7) + D2^i,(o,3) ■ ^^a; • =0 
=^ -DX(o,x) • (a + 7, t^) = </>• 

The assertion now follows. Since surjectivity of elliptic mappings is an open property 
(c.f. Proposition A. 3), DX is surjective in a neighbourhood of (0,x). By the Implicit 
Function Theorem for Banach manifolds (Theorem A. 7), X~-^({0}) is a smooth embedded 
submanifold of Ui x X near (0, x) of finite dimension equal to Ind(J^) + Dim(X). This 
proves (i) when Dim(y) = 0. (ii) follows trivially. 

Consider the general case. Define J : Z{g) ^ Y by: 

j{[i],x)^nm,g{x)). 

Since "H is weakly smooth, J' is smooth. We claim that DJ' is surjective at every point of 
n-^{{0}). Indeed, choose {[{\,x) G ^""^{0}) and U G TqY. Denote g = g{x). Since DH 
is surjective at ([ills'), there exists {a, P) G Tq^j such that: 

Din^[i],g) ■ a + D2Hixi\,g) • ^ = 0. 

Since Q is transverse to the restriction of tt to '^"■'^({0}), there exists (7, 5) G Tqj] and 
U G T^X such that: 

• 7 + ^2^([i],5) -5 = 0, 



and: 
Thus: 



{a-^-i,Dg,-U) = (a + 7,/3 + 5) 

■ (a + 7) + ^2^([z],g) • ■ = </> 

DJ{[i],x) • {a + l,U) =0. 
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However, as before: 

DI([i],x) ■ia + liU) = 0. 

Thus (a+7, U) G Tq^j and the assertion foUows. By the Imphcit Function Theorem, 

Z{Q^%) = i7~^({0}) is a smooth, embedded submanifold of Z{Q) of dimension: 

Dim(2:(^;)) - Dim(r) = Ind(J^) + Dim(X) - Dim(r). 

This completes the proof. □ 
Proposition A. 11 

Suppose that Y is of dimension 0, and % is trivial. With the same hypotheses as 
in Proposition A. 10, if {[i\,x) e Z{g) and if £i J" is the partial linearisation of J" 
with respect to Imm(E,M) at {[i],g{x)), then: 

Ker(£i^[,]) = T^[q,.)Z{g) n(T[,]Imm(S, M) x {0}). 

Proof: Denote p = i['i],Qix)) and x) = Q{x)). For / e T[j]Imm(E, M): 

CiJ'p • / = ^ CiJ^p ■ f + £i -00^-0 = 

^ •(/,0) =0. 

Thus, by Proposition A.8, LiJ^p • / = if and only if (/, 0) e T^[i]^^)Z{g). □ 

The following version of the Sard-Smale Theorem is best adapted to the current context: 

Theorem A. 12, Sard-Smale 

Suppose that: 

(i) TT is a proper mapping; and 

(ii) is surjective at every point of Z; and 

(iii) i:>'H is surjective at every point of Z{g,'H); 

Let Xq c X be a closed subset such that g is transverse to the restriction of w to 
H~^{{0}) at every point of Xq. Then, there exists a strongly smooth functional 
g' :X ^ C°°{M), as close to g as we wish, such that: 

(i) g' is equal to g at every point of Xq; and 

(ii) g is transverse to the restriction of tt to 'H~'^{{0}). 

Proof: We first consider the case where y is dimensional and H is trivial. Choose 
X E X \ Xq. Choose ([^],/) £ Z such that ([^],a;) e Z{g). Suppose that £)7r([i]j) © Dg^; : 
T([j] j)Z © T^X — >■ C°°(M) is not surjective. Let CiJ^ be the partial linearisation of T 
with respect to the first component. Since it is Fredholm, its cokernel is finite dimensional. 
There therefore exists a finite dimensional subspace Ei C V^Qj] j-)Smooth(S, M) such that: 

y^([i] j)Smooth(E, M) = jCiJ^iiiij) ■ T[i]Imm(S, M) + Ei, 
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Since CJ-^ is surjective at the point {[i], /), there exists a finite dimensional subspace E2 C 
T[j]Imm(S, M) TfC°°{M) such that: 

^^mj) ■E2 = El. 

Let F be the projection of E2 to TfC^iM). The restriction of ^J" to T[i]Imm(E, M) ® F 
is surjective. Since surjectivity of elliptic maps is an open property (c.f. Proposition 
A. 3), this also holds throughout a neighbourhood of ([i], /) in Imm(S, M) x C°°(M). Let 
X e Cq^{X) be a smooth function equal to 1 near x and equal to near Xq. Define 
^1 :XxF^C~(M)by: 

^i(a;,7) = Q{x) + x{x)i- 

Qi is trivially strongly smooth and transverse at x to the restriction of tt to a neighbourhood 
of ([i],/)- Since tt is proper, increasing the dimension of F if necessary, we may suppose 
that Qi is transverse to tt at (x, 0). Since tt is proper, this holds for every point (j/, 0) near 
(a;, 0) in X X F. Since X is compact, after increasing F yet further, we may assume that 
this holds for every point (y, 0) G X x F. Since X is compact and tt is proper, there exists 
e > such that this holds throughout X x -Be(O), where -Be(O) is the ball of radius e in F. 

By the Implicit Function Theorem (Theorem A. 10) Z{Qi) is a smooth embedded subman- 
ifold of Imm(E, M)xXxB^of dimension Ind( J") + Dim(X) + Dim(F). Let tts : Z(^i) 
i?e(0) be the projection onto the third factor. Let 7 e -Be(O) be a regular value of tts. 
Define Q-y by: 

Q^{x) = ^i(x,7). 

We claim that is transverse to the restriction of tt to Z. Indeed, choose ([i],/, x) 
such that ([i],a;,7) G ^(^1). Choose e C°°(M). By transversality of ^1, there exists 
(a, ^) e TQi-^j)Z and (?7, F) e T(^x,'y)M x F such that: 

Since 7 is a regular value of 773, there exists (7, 5) G TQj]j)Z and e T^X such that 
(7, W^, V) e T([i],^,^)Z(6?i). In other words: 

s + Dgi^^,^gy{w,v) =0 

^ i^7r([,]j)-(7,5) + F»e?i,(.,^)-(W^,y) =0. 

Thus: 

F)7r([,] J) • (a - 7, ^ - 5) + F'^?i,(,,^) ■{U-W,0) =^ 
^ F)7r(Hj)-(a-7,^-5) + F»6;^,,-(t/-W^) =0. 

The assertion follows. By the classical Sard's Theorem, the regular values of tts are dense 
in -Bg(O). Such a 7 therefore exists, and may be chosen as close to as we wish. Setting 
Q' — Q'y, the result follows in the case where Y is of dimension and % is trivial. 

To prove the general case, we construct Qi : X -Be(O) C°°{M) as before, but this time 
requiring that it be transverse to the restriction of n to "^"^(0). Define I : Z{Qi) Y by: 

X(^,/,x,7) = 7^(^,/). 
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Since y, is weakly smooth, X is smooth. As in the proof of Proposition A. 10, DI is 

siirjective at every point of X~^({0}). It follows by the Implicit Function Theorem for finite 
dimensional manifolds that Z{Qi,'H) = X~^({0}) is a smooth, embedded submanifold of 
of codimension Dim(y). Let tts : Z{Q, %) B^{Q) be the projection onto the third 
factor. Let 7 G -Be(O) be a regular value of tts and define Q-y by: 

g^{x) = Qi{x,^). 

As before, Q-y is transverse to the restriction of tt to "^"^({0}). By the classical Sard's 
Theorem, there exist regular values of tts as close to as we wish, and setting Q' = 
yields the desired functional. □ 

Remark: In fact, the function spaces considered in this paper can be approximated by 
Banach manifolds in the following manner: let T := K : Imm(S,M) x C°°(M) — )■ 
Smooth(E,M) be the curvature functional constructed in Section 2.1. For all (/c, a), let 
jrfc,a . inim^'"(E,M) X C^'"{M) Smooth°'''(S, M) be the continuous extension of J^, 
and define Z'^'"' by: 

Trivially: 

Z= n Z^'"^. 

{k,a) 

Moreover, If K is elliptic, then, as in [33], for all (/c, a) > 1, Z''''^ is a Banach manifold 
modeled on C'^'"{M) and the canonical projection tt : Z'^'" — )■ C'^'"(M) is a C'^ Frcdholm 
map of index 0. Our results may then be formulated in terms of the Sard-Smale Theo- 
rem for Banach manifolds. However, our current approach uses minimal deep functional 
analytis and also requires simpler hypotheses, which make its application, for example, in 
Sections 3.3 and 3.4 simpler than if we were to use Banach manifolds directly. 
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